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1. p-�K¼ê�½Â

�p��ê,f(k)(k = 0,1,2, . . .)�pk¿Â,eé
��g,ênk

n∑

k=0

(n

k

)
(−1)kf(k) ≡ 0 (mod pn),

K¡f�p-�K¼ê.

~X: f(k) = ak(p−1)+b(p - a, b ≥ 0)�p-�K¼
ê,Ï�

n∑

k=0

(n

k

)
(−1)kak(p−1)+b = ab(1− ap−1)n

≡ 0 (mod pn).
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2. f(k) (mod pn)

Ún1. �n ≥ 1, k ≥ 0��ê,K

f(k) =
n−1∑

r=0

(−1)n−1−r
(k − 1− r

n− 1− r

)(k

r

)
f(r)

+
k∑

r=n

(k

r

) r∑

s=0

(r

s

)
(−1)r−sf(s).

y²|^��ª�üúª9Xe|Üð�ª
m∑

j=0

(−1)j
(x

j

)
= (−1)m

(x− 1

m

)
.

½n1. �p��ê, f�p-�K¼ê, n ∈ N, Ké
���K�êkk

f(k) ≡
n−1∑

r=0

(−1)n−1−r
(k − 1− r

n− 1− r

)(k

r

)
f(r) (mod pn).

�duk = n�(J!
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½n2. �p��ê, Kf�p-�K¼ê�¿©7�
^�´éz��K�ên�3�êa0, a1, . . . , an−1¦
�é��k = 0,1,2, . . .k

f(k) ≡ an−1kn−1 + · · ·+ a1k + a0 (mod pn),

¿�f�p-�K¼ê��b½ps | as·s! (s = 0,1, . . . , n−
1) �p ≥ n�a0, a1, . . . , an−1 (mod pn)��(½.

½n2y²|^
üaStirlingê�5�Úúª.A
O´

s(n, m) =
∑

k1+k2+···+kn=m
k1+2k2+···+nkn=n

n!

1k1k1! · · ·nknkn!
,

S(n, m) =
∑

k1+k2+···+kn=m
k1+2k2+···+nkn=n

n!

1!k1k1! · · ·n!knkn!
.

3. f(kpn−1) (mod pn)

·K �p��ê, f�p-�K¼ê, k, n ∈ N, K

f(kpn−1) ≡ f(0) (mod pn).

���/k
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½n3. �p��ê, f�p-�K¼ê, m, n ∈ N,

d, t��K�ê, K
n∑

r=0

(n

r

)
(−1)rf(pm−1rt + d) ≡ 0 (mod pmn).

�p > 2�
n∑

r=0

(n

r

)
(−1)rf(pm−1rt + d)

≡ pmntn · p−n
n∑

r=0

(n

r

)
(−1)rf(r) (mod pmn+1).

�dum = 1, t = 1, d = 0�/.

½n3y²¦^
üaStirlingê�5�ÚXeð�
ª:

n∑

r=0

(n

r

)
(−1)n−r

(rx + d

m

)
ri

=
n!

m!

m∑

j=n−i

( m∑

k=j

(k

j

)
(−1)m−ks(m, k)dk−j

)
S(i + j, n)xj.
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4. ��¤��|Üð�ª

3þã�¹Stirlingê�ð�ª¥�i = n−mk

½n4. �x, d�¢ê, m, n ∈ N, m ≤ n, K
n∑

r=0

(n

r

)
(−1)n−r

(rx + d

m

)
rn−m =

n!

m!
xm.

AOm = n�k
n∑

r=0

(n

r

)
(−1)n−r

(rx + d

n

)
= xn.

�n = p��ê,K�ÑFermat�½n.

½n4�À�XeEulerð�ª(m = 0)�í2:

n∑

r=0

(n

r

)
(−1)n−rrn = n!.
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5. f(kpm−1) (mod pmn)

½n5. �p��ê, f�p-�K¼ê, k, m, n ∈
N,K

f(kpm−1)

≡
n−1∑

r=0

(−1)n−1−r
(k − 1− r

n− 1− r

)(k

r

)
f(rpm−1) (mod pmn).

�duk = n, m = 1�AÏ�/

·��kf(ktpm−1 + d) (mod pmn+1)����
(J.
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6. ¦È½n

Ún2. �n��K�ê,Ké?Û¼êf, gk
n∑

k=0

(n

k

)
(−1)kf(k)g(k)

=
n∑

s=0

(n

s

)( s∑

r=0

(s

r

)
(−1)rF (n− s + r)

)
G(s),

Ù¥

F (m) =
m∑

k=0

(m

k

)
(−1)kf(k),

G(m) =
m∑

k=0

(m

k

)
(−1)kg(k).

½n6.(¦È½n)�p��ê, f, g�p-�K¼ê,Kf ·
g�´p-�K¼ê.

�Np-�K¼ê�¤���!
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7. �¹Bernoulliê�p-�K¼ê

Bernoulliê{Bn}�½Â:

B0 = 1,
n−1∑

k=0

(n

k

)
Bk = 0 (n ≥ 2).

Ù�B2n+1 = 0 (n ≥ 1).

½n7. �p��ê, b��K�ê,

(1) ep− 1 - b,K

f(k) =
(
1− pk(p−1)+b−1

) Bk(p−1)+b

k(p− 1) + b

�p-�K¼ê.

(2) ea, b ∈ N,p - a,K

g(k) =
(
1−pk(p−1)+b−1

)(
ak(p−1)+b−1

) Bk(p−1)+b

k(p− 1) + b

�p-�K¼ê.
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(3) h(k) = (p− pk(p−1)+b)pBk(p−1)+b�p-�K¼
ê.

8. �¹Eulerê�p-�K¼ê

Eulerê{En}�½Â:

E0 = 1, E2n−1 = 0,
n∑

r=0

(2n

2r

)
E2r = 0 (n ≥ 1).

½n8. �p�Û�ê, b��Kóê,K

f(k) =
(
1− (−1)

p−1
2 pk(p−1)+b

)
Ek(p−1)+b

�p-�K¼ê.

½n9. �p�Û�ê, n ∈ N, b��Kóê,K�3
�êa0, a1, . . . , an−1¦�ék = 0,1,2, . . .k

(
1− (−1)

p−1
2 pk(p−1)+b

)
Ek(p−1)+b

≡ an−1kn−1 + · · ·+ a1k + a0 (mod pn).

¿�p ≥ n�a0, a1, . . . , an−1�pn��(½.
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~X: (1 + 32k)E2k ≡ −12k + 2 (mod 33).

Ún3. �n ∈ N, b ∈ {0,2,4, . . .}, α ∈ N,

2α−1 ≤ n < 2α, K
n∑

k=0

(n

k

)
(−1)kE2k+b ≡ 0 (mod 22n−α).

½n10. �b��Kóê,Kf(k) = E2k+b�2-�
K¼ê.

½n11. �k, m, n, t ∈ N, b��Kóê,α ∈ N,

2α−1 ≤ n < 2α, K

E2mkt+b ≡
n−1∑

r=0

(−1)n−1−r
(k − 1− r

n− 1− r

)(k

r

)
E2mrt+b

(mod 2mn+n−α).
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