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Abstract. Recently, using modular forms F. Beukers posed a unified method that
can deal with a large number of supercongruences involving binomial coefficients and
Apéry-like numbers. In this paper, we use Beukers’ method to prove some conjectures
of the first author concerning the congruences for
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modulo p3, where p is an odd prime representable by some suitable binary quadratic
form and m is an integer not divisible by p.
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1. Introduction
In 1998, Ono|13] established congruences for i;é (2:)3# modulo p in the cases
m =1,-8,16, —64,256, —512,4096 for any prime p # 2, 7. Following these, for such
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values of m, in [22] the first author’s brother Z.W. Sun conjectured congruences for
Zi;é (Zkk)3 L modulo p?, which have been proved by the first author in [16] and

mF
Kibelbek et al in [9]. Going beyond that, in [19], the first author also conjecturally
formulated congruences for Z;é (2:)3# modulo p?. Before instantiating these con-
gruences, hereafter, for positive integers a, b and n, if n = ax? + by? for some integers
x and y, we simply write that n = ax?® + by?, and recall the well known results (see

[6,21]) that for an odd prime p,
p=a2+4y*> for p=1 (mod4),
p=2>+3y*> for p=1 (mod3),
p=12>+2y* for p=1,3 (mod38),
p=2>+T7y> for p=1,2,4 (mod 7),

where the integers x and y are uniquely determined up to sign. Following these, an
example of the first author’s conjectures can be stated as that for any prime p # 2,7,

(42? — 2p — 25 (mod p?)
I ) /7]if_}; =1,2,4 (mod 7) and'so p =2+ Ty’
( k) = { —11p*( [157} )_2 (mod p?) if p=3 (mod 7), (1.1)
k=0 —u pz([?[;%}) (mod p?) if p=5 (mod 7),
R I B T

where [a] is the greatest integer not exceeding a.
Based on the work of Long and Ramakrishnal8], the first author[20] illustrated
that for any odd prime p,

% (2:)3 42 — 2p — % (mod p3) if p=2a?+4y* =1 (mod 4),
= p—1_—2 ) (1.2)
£~ 64" —pZ(%) (mod p?) if p =3 (mod 4)
and
L pT_l (2k)3 pz
el k — 42 3 _ _ 2 2
What’s more, in [19] and [20], the first author posed many conjectural congruences
for
1 2 —1 2 —1
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modulo p? for prime p > 3 and integer m coprime to p. See also [15-18] and [24]
for relevant congruences modulo p?. For example, the first author[19] experimentally
found that

4% — 2p — £ (mod p?) if p=2a?+2y*=1,3 (mod 8),

p—l (4k) Y 42
4 e
Z 256k = (gjg}) (mOd p3) if p =5 (mod 8), (1.4)
- —%p%{i?ié}) (mod p*)  if p=T (mod 8),
(—3) v Sk) (Gk) [ 4x*—2p— 4;2 (mod p?) if p=2%+4y* =1 (mod 4),
- = < |
P75 123k 1P (Eﬁ_ggﬁ) (mod p?) if p=3 (mod 4),
(1.5)

a

where (5) is the Jacobi symbol. It is worth remarking that Liu[7] formulated the
supercongruences for the sums in (1.4)-(1.5) modulo p* in terms of p-adic Gamma
functions. In [10] , using p-adic Gamma functions and Jacobi sums Mao proved
(1.4) in the cases p = 1,5,7 (mod 8). The congruences (1.4) and (1.5) modulo p?
were conjectured by Rodriguez-Villegas[14] and proved by Mortenson[12] and Z.W.
Sun[23].

Recently, in order to conceptually interpret all these conjectures, using modular
forms Beukers[2] found a unified way to deal with supercongruences modulo p* or p?
for sums involving binomial coefficients and Apéry-like numbers, where p is an odd
prime representable by some suitable binary quadratic form. In this paper, using
Beukers’ method we prove a number of congruences conjectured by the first author.
In particular, we rigorously verify a number of CM values of modular functions that
were stated without proofs in Beukers’ work [2].

Thanks to Beukers for his summary [2, Appendix C] of products of three bino-
mial coefficients, Apéry-like numbers and their associated Hauptmoduls, as well as
findings of their related CM values, we notice that a number of conjectures of the
first author can also be charted similarly. In what follows, we state all the supercon-
gruences involving products of three binomial coefficients that we have been able to
attain based on Beukers’ work.

The following congruences that we shall prove in Sections 3 and 4 were conjectured
by the first author in [19] and [20].

Theorem 1.1 Let p be an odd prime, p = 1,2,4 (mod 7) and so p = x* + Ty>.



4096~
k=0 k=0
p—1 (2k)2(4k) p—1 (2k)2(4k) 9
k 2k) _— k 2k) — 4.2 R 3
LTSI T £ (-3960)F de Jgz (mod 77) (1.7)

Theorem 1.2 Let p be a prime of the form 3k + 1 and so p = 2? + 3y?. Then

(P—l)/2 3 (p—1)/2 ( P2
_ — 42 3
Z 16’“ = gk = =4a° —2p — 2 (mod p°), (1.8)
k=0 k=0
p—1 (2k) (4k> 2
k _ p 3

k7 22k — g4 D -— d ) 1.9

D A =47 =2 g (od oY) (19)

Theorem 1.3 Let p be a prime of the form 4k + 1 and so p = 2 + 4y*. Then

B =422 —9p— P (1od p? 1.10

p—1 (2k 2(4k) 9
k) \ok) = g2 o P oq ). 1.11
> U = et =2 L (mod ) (111)

Theorem 1.4 Let p be a prime such that p = 1,3 (mod 8) and so p = 22 + 2y>.

Then
(p—1)/2  (2k\3
Z (i) = (—1)p21<4x2—2p—p—2> (mod p?), (1.12)
L (—64)k 422
p—1 <2k 2(4k> 2
M) \ok) — g2 _gp P d p3 1.13
kz:% 2568 i (med ), (149)
p=1 (2k\2 r4k 2
p
<k2)84(k2k) =422 — 2p — 12 (mod p?). (1.14)
k=0



Theorem 1.5 Let p be a prime of the form 4k + 1. Then
p—1 (4k)
Z 12288
k=0

42% — 2p — % (mod p?) if p=1 (mod 12) and so p = z* + 9y?,
—22% 4+ 2p + % (mod p?) if p=>5 (mod 12) and so 2p = z* + 9y?

and
pz—i 2k) (4k)
— —6635520)"
{4x —2p — 522 (mod p?)  ifp=1,9 (mod 20) and so p = x* + 25y?,
22% 4+ 2p+ £5 (mod p?) if p= 13,17 (mod 20) and so 2p = x* 4 25y

Theorem 1.6 Let m € {5,13,37} and D(m) = —1024, —82944, —14112? accord-
ing as m = 5,13,37. Suppose that p is an odd prime such that (%) = 1. Then

42% — 2p — % (mod p?)
p—1 2k 4k)

Z[)lk) 2k

Theorem 1.7 Let m € {3,5,11,29} and F(m) = 48%,12%,1584%,396* according
asm = 3,5,11,29. Suppose that p is an odd prime such that (—sz) = 1. Then

(422 — 2p — % (mod p?)
pzl (24) <4k) _ jf(—(—li)mTlQ) <(—1)?Zr1m) — 1 and s0p = 22 + 2my,
— F(m)* | —82% +2p —1—7% (mod p?) 1
\ 1f(*(*130 ) ((*1) p? ™y — 1 and so p = 222 + my?.

Here the representability of p and 2p by x? 4+ my?, 22 + 2my? or 22? + my? is
guaranteed by [21, Table 9.1].



It is noteworthy that the case of p = 1 (mod 8) of (1.12)-(1.13) have been treated
by Mao[10], and congruences in (1.9) and (1.11) in the weaker form under modulo p?

were proved by Wang and Z.W. Sun[25], and the congruence for 32— (% )2(;”;) /81%
modulo p? and the congruences modulo p? for the sums in (1.14) and Theorems
1.5-1.7 were first conjecturally formulated by Z.W. Sun[22,24]. In addition, the case
m =5 in Theorem 1.6 has been treated by Beukers in [2, Corollary 1.19], while his
result was stated in different form, and he did not give a proof of the corresponding
rational CM value.

Combining Theorem 1.27 in Beukers’ work [2] and the work [18] of the first author,
in Section 5 we also confirm a number of conjectures of the first author given in [19]
and [20] that can be stated as follows.

Theorem 1.8 Let p be a prime of the form 4k + 1 and so p = 2> + 4y*. Then

<%3>§:WE <§>i%z4mz_2p_4p_; (mod p?).

Theorem 1.9 Let p be a prime of the form 3k + 1 and so p = x> + 3y*. Then

p—1 3k) (6k) _ (g) (4I2 oy

TRA000F
rar 54000

2

%) (mod p?).

Theorem 1.10 Let p be a prime such that p = 1,3 (mod 8) and so p = x> + 2y>.
Then

p—1 3k) (6k> _5 2
2 p 3
20% = <?> (43@ —2p— 4_I2> (mod p°).
k=0
Theorem 1.11 Let p be an odd prime, p=1,2,4 (mod 7) and so p = 2 + Ty>.

Then

2

15+ = 1 6k _955y P 1 6k
(57 ) = (22) 5 W) < st ).
— (=15 —~ 25 4z
Theorem 1.12 Let p be a prime of the form 3k +1 and so 4p = x? +27y>. Then

(30) () (i) ’

Chassonnys = (5) (7~ 2= 55) (wod 7

[y

p—

i
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Theorem 1.13 Let m € {11,19,43,67,163} and p be a prime such that (£) =1
and so 4p = 2% + my?, and let

( (

—32 if m =11, —2 if m =11,

96 if m =19, 6 if m = 19,

my = ¢ —960 ifm=43, and mog= < —15 if m = 43,

—5280 if m = 67, —330 if m = 67,
(—640320  if m = 163 ( —10005  4f m = 163.

Then

p—1 (2k\ (3k\ (6K 2
Mo p
(k)ifm)c(gk) _ (_) (CEQ oo ﬁ) (mod ).
k=0 p
It is noteworthy to remark that the congruences for the sums modulo p? in The-
orem 1.13 were conjectured earlier by Z.W. Sun[24].

2. Preliminaries

Let R be the set of real numbers and H = {a +bi | a,b € R, b > 0}. Let

()

and for any positive integer N,

To(N) = {(‘; 2) € SLy(2)

For 7 € H the Dedekind eta function n(7) is defined by

a,b,c,d € 7, ad—bc:l},

czO(modN)}.

n(T) — 627ri7'/24 H (1 . 627ri‘rn).
n=1
It is well known (see [6, Corollary 12.19]) that
. 1
n(r+1) = 62’”/2477(7) and 17( — —) = \/—_iTn(T).
T
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For € H let

Then . 124
A(=2)=n(=2)" = (V=inHn(r)* = 72A(7). (2.1)

Moreover, it is well known (see [3]) that for 7 € H,

A(ar—i—b

— d) = (et + d)®A(7)  for (‘; Z) € SLy(Z). (2.2)

For 7 € H let

B =60 Y :

VEVE
m,n€Z,(m,n)#(0,0) <m - nT)

The modular function j(7) is defined by

. . 92(7)3
j(r) = 1728_(27?)1277(7')24‘

It is well known (see [3] and [6, (12.4) and (12.6)]) that

Jr+1) =3, 3(=-) =),
](ZIS) = j(r) for <Z Z) € SLy(Z). (2.3)

For ¢,d € Z let (¢,d) be the greatest common divisor of ¢ and d. For given
imaginary quadratic irrational number « let & be the conjugate of a. For an odd
prime p let Z, be the ring of p-adic integers. Let Xo(N)™ be the modular curve
associated to the Fricke group I'o(N)*, the Fuchsian group generated by I'g(N)
and its involution (—?N (1) . In particular, recall that for a Fuchsian group I'
commensurable with SLy(Z) of genus zero, a Hauptmodul for I" is a modular function
for I' with a unique pole.

In [2], Beukers established the following great theorem.

Beukers’ theorem ([2, Theorems 1.15-1.16]) Let F(t) = Y > a,t™. Sup-
pose that



(1) for T € H, t(7) is a Hauptmodul for the modular group T'o(N)T.
(2) F(t(1)) is a modular form of weight 2 with respect to To(N)T. In particular,
F(t(1)) satisfies that F(t(—1/(NT))) = —N7T2F(t(1)).
(3) F(t(7)) has a unique zero (modulo the action of To(N)T), which is located at
the pole of t(T). Assume that it has order 1/r for some positive integer r.

(4) F(t(1)) can be written as an n-product or r > 4.

Let o be an imaginary quadratic number with positive imaginary part. Let p be a
prime not dividing N which splits in the quadratic field Q(«).

(i) Suppose that there exist integers ¢ and d such that

(e,d)=1, N|e¢, caa,cla+a)c€EZ,
p=(ca+d)(ca+d) and ca+d¢pZ, (2.4)

If t(a) € Zy, then
1

ant(a)" = (ca+ d)* (mod p?).

bS]
|

I
o

n

(ii) Suppose that there exist integers ¢ and d such that

(c,dN) =1, Neaa € Z, cla+a)€Z,
p=N(ca+d)(ca+d) and ca+d¢ pZ,. (2.5)

If t(o) € Zy, then
p—1
ant(a)" = —N(ca + d)?* (mod p?).
=0

3

In order to prove our main results, we need the following basic lemma.

Lemma 2.1 Let p be an odd prime, and let d > 1 be an integer not divisible by
p. Suppose that ¢ is a positive integer, cp = x>+ dy*(z,y € Z) and x +yv/—d &€ pZ,.
Then

x—l—y\/—dEZx—%—ﬂ—i (mod p%),

(z +yvV—d)? = 42® — 2cp — — — = (mod p*).



Proof. Suppose A = x + yv/—d. Since (A — x)? = —dy* = x> — cp, we have

A(A—2z) = —cp and so A = 2z (mod p). Set A =2x+ ]2“5 Then (2z + gg)gi’ =

and so k + % = —c. Hence
2
kp (c+2B)p cp  Kp?
A=204 = =21 — A7/ — 9y — = —
T 2x 2x 2x  8x3
:zx_@_p_z( _@)2_ _@_Pi( ) ck2p>
2x 8:U3 422 2¢  8x3 212
3,3
cp c? p cp 4
SRR S
T o T w1605 WodP)
Therefore,
cp  Apt Pp
A% = (2 B )
YT 8% 168
cp\? cp\ (¢t P’
(o 2) e D22
( YT 2 )\3 T 1o
e 2p? - 2P AP - ApP
42 222 8zt 4at
2
cp cp
=dx —20p—@—@ (mod p*)
This completes the proof.
2k 3
3. Proofs of congruences involving ( )
Lemma 3.1 For T € H let t(7) be defined by
q . 2T
HT) = == with q=e“™".
(7) T, (1+ g2n1)2 q
Then
A(T)A(471) 1 3 5
¢ :—:t<——>, 16¢() — 1 27Vt (7)2 = 0
(r) = S o). st 17+ )

and t(1) is a Hauptmodul for To(4)" with a unique pole at the cusp [1].

Proof. For 7 € H and q = ¢*™™ we have

st 1—¢*™ _oo 1—q¢" 1—gqg™
}_[11—1-6]2” 1_H1_q4n Q_Hl_qzn'l_qm‘

10



Thus,
_ o =g =g A(D)AMr)
tr)=q H (1 — g2n)48 - A(27)2

Using (2.1) we see that

1y ACHACY  UnRAUD - PAE)
(-%)==acop = @omagy -~

Appealing to (2.2),

(47)+4b

at +b A(?:IS)A((:;4)(4T)+d) A(T)A(47) a b
t er+d) a(2r)+2b \2 - A(27)2 = t(7) for ¢ d) € Fo(4).
A ( (c/2)(27)+d)

Notice that ¢(7) has no zeros or poles in H by its infinite product representation, and
t(1) = ¢ + O(¢?) has a simple zero at the cusp [ioco] by its definition. Since X(4)"
has only cusps [ico] and [3], and ¢(7) is a modular function on Xo(4)* with no zeros
or poles in H, using the Residue Theorem for compact Riemann surfaces one can see
that this forces ¢(7) to have a simple pole at the cusp [1], which is the unique pole
of t(7) in Xo(4)*. Hence, t(7) is a Hauptmodul for I'y(4)".

From [6, Theorem 12.17],

] f(r)* —16y2 i n((7+1)/2)
.7(7_> = (—) for f(T) —e s I /77 (31)
Fry (")
Observe that
F(2r) = _M o 0o 627Ti(7'+%)(1 _ 627ri(7'+%)n)24

T p2n) o] 227 (] — 627Ti-27n)24

B 1 () (1 . (_1)n 27rz7'n)24 i (not) 24 - 1

B e2mir };[1 (1 e2miT: 2” 24 B e27rm- 1;[ ( te ) = t(T) .

We derive that

and so (16t(7) — 1)* 4+ j(27)t(1)* = 0.

11



Lemma 3.2 Suppose that b is a positive real number. For a € 7Z we have

(—1)“t(%j’) > 0. For a € R we have t(a + v/—b) = t(—a + v/—b).

Proof. For a € Z we have e2mi = (—=1)%V?" and so
—b —Vbr
() = -0
2 ) T T (4 (e Vi
For a € R we see that e2mi(a+Vv=b) = e2mia—2nvb — o=2mia=2mvb — o2mi(-a+v/=b) apq g0
_ 2mi(a-++/—b) 2mi(—a-++/—b)
tla+V=b) = = - dmilaty/ b)(2n-1)\24  T°° - 2mi(—a-tv/—b)(2n—1) )24
L2 (1 + et PO Lo (I 4 et )
=t(—a+V-b).

Lemma 3.3 For 7 € H let t(7) be given in Lemma 3.1. Then

T () -k ()

9 ) 4096 4 16’
t<\/—3>_ 1 t(1+z’>_ 1 t<1+\/_2>— 1
2 ) 256 2 /) 8 2 64

Proof. From [6, (12.20)] we have j(3+\ﬁ) = —15%. Since j(r +1) = j(7) and
j(1) = j(—2), we see that

3EVETY LT
(5 -7 i =)
() =i =

J

Hence, appealing to Lemma 3.1, t(3+*8ﬁ) is a root of (16x — 1)3 — 15322 = (x —

1)(40962% — 472 +1) = 0 and so ¢ (=T € {1, YT 4TI By Lemmas 3.1
and 3.2,

() = () = ) = (),

8 8 .—3+Tﬁ* 8

Hence, t(3+‘ﬁ) is real and therefore t(3+*8m) = 1.

12



From [6, (12.20)], j(v/=7) = 255%. Hence t(@) is a root of (162 —1)3+255322 =
0 by Lemma 3.1. Observe that (16z — 1) + 255%2% = (4096x — 1)(2? + 4048z + 1).
We have t( ) {4096, —2024+ \/m —2024 — \/W} By Lemma 3.2,
H(¥57) > 0. Thus, t(¥%7) = 1o

Since j(T + 1) = j(7), from [6, p.261] we have j(3+r) j(”r) =0 and so

(3+F) by Lemma 3.1.

From [6, pp 261,291] we have j(y/—3) = 54000. Thus, applying Lemma 3.1 we see

that t(F) is a root of (16x—1)3+540002% = (2562 —1)(162* 4208z +1) = 0 and so

t(r) € {5 _26215‘/5, B 15‘[} By Lemma 3.2, t(r) > (. Thus t(r) = i
By [6, (12.20)], j(i) = 12% and so j(1 + 1) = 13 since j(7 + 1) = j(7). From
Lemma 3. 1 t(”i) is a root of (162 — 1)® + 1232? = (8x + 1)?(64x — 1) = 0. Thus,

t() = —3% or ;. From Lemma 3.2, ¢() < 0. Thus, ¢() = —1.

By [6, (12 20)] j(v/=2) = 203 Thus, j(1 ++v-2) = j(v/=2) = 20%. Hence
t(%j) is a root of (162 —1)3+20%2? = 0 by Lemma 3.1. Since (162 —1)*+20%2% =
(642+1)(642%+ 1122 —1), we see that t(lJ”/jQ) e{—a _725‘/5, _7_85*/5}. By Lemma
3.2, t(*Y=2) < 0 and so t(*Y2) € {~ o _7_85\/5}. Note that e2m(1+v=2)/2 —
—e V2™ By Bernoulli’s inequality (14a1)(1+as) -+ (1+an) > 1+a,+as+---+ay
for ay,as,...,a, € (—1,0), we have

oo o0 7\/571-
e~ VIr(2n-1)) 5 1 _ o~ V2r(n-1) _ 1 _ € > 1 .
Therefore,
1 —2 1
(L) -
2 Vo T, (1 — - Vartan D)
and so t(%‘ﬁ) = —z;. This completes the proof.

Remark 3.1 Lemma 3.3 was stated by Beukers in [2, p.29] without proof.
Lemma 3.4 Let t(7) be given in Lemma 3.1. For T € H we have

n=0

is a weight 2 modular form for To(4)" with a unique zero at the cusp [3] of order 1.
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Proof. By Lemma 3.1, t(7) = (%)M. Thus, the equality in Lemma 3.4

was already proved by Cooper in [5, Theorem 4.1(d)]. From [11], for any (ZZ Z) €
SLy(Z),

ar +b a ab+cd(1—a2)—ca+3co(a—1)+r%(a2—1) 1
=(— d)?2 3.2
o) = (S)a e din),  (32)

where ¢, = €*™/™ and ¢y is given by ¢ = 27¢o with 2 { co. Set h(7) = 77(77)(—4)8 Using
(3.2) we see that
a(27)+2b
h<m+b> _ W(m)%
Ul

at+b a(47)+4b
or +d o) (i Ta)”

0(a(2b)+(c/2)d(1—a?)— L cat+3co(a—1)+(r—1)2 (a2 -1))
e T ’ ((¢/2)(27) + d)"°n(27)*°

ab+cd(1—a?)—ca+3co(a—1)+r3 (a2—
Sabt d(1—a2)—ca+3co(a—1)+r3( 1))((37 T d)i(r)
1
8(a(4b)+(c/4)d(1—a2)— L ca+3co(a—1)+(r—2) 3 (a2 -1
Qi( )+(c/4)d(1-a?)— g cat3co(a—1)+(r—2)5( ))((6/4)(47')+d)477(47')8
n(27)* 2 a b
= d?—— = d)*h fi € l'p(4).
) ysp(anye = (7 HARE) Torany { g ) € Told)
. - —1/(27))20
Since n(—2) = =it n(r) we see that h(—3) = n(—{]/(T)ég((il)i(M))g = —47%h(T).

Therefore, h(7) is a weight 2 modular form for I'y(4)*. Moreover, by its infinite
product representation, it is clear that h(7) has no zeros or poles in H, and h(7) =
1+0O(q) is of order 0 at the cusp [ioco], where ¢ = €*™". So since X(4)" has only two
cusps [ico] and [3], and h(7) is a weight 2 modular form for I'p(4)* with no zeros or
poles apart from the cusp [3], then by the Riemann-Roch theorem this forces h(r)
to have a zero of order 1 at the cusp [%] The proof is now complete.

Let ¢(7) be given in Lemma 3.1. From Lemmas 3.1 and 3.4 one can see that both
t(r) and Y7, (2:) 375(7')” satisfy the assumptions in Beukers’ theorem.

Proof of (1.6). Since p = 22 + 7y? = (z + y/—7)(z — y/=7) for x,y € Z, one
may choose the sign of y so that z + y/—=7 ¢ pZ,. Set a, = (2:)3, c=8y, d=
r—3y, a= HT\E and N = 4. Then clearly (¢,d) =1, N | ¢, caa,c(a+ a) € Z,
p = (ca+d)(ca + d) and ca + d ¢ pZ,. By Lemma 3.3, t(?’JrTﬁ) = 1. Hence,

14



applying Beukers’ theorem(i) and Lemma 2.1 we obtain

-1

(2) ( ) (BEYTY 2 (s YT )

2
=(x4+yV/—7)72 =42 - 2p — % (mod p?).
x
For p = 2%+ 7y? = 1 (mod 4) we have 2 | y. Set a, = (2:)3, c=2y, d=x, a=
g and N = 4. Then (¢,d) =1, N \ ¢, caa,cla+a)€Z,p=(ca+d)(ca+d)
and ca + d ¢ pZ,. Since t(@) =
and Lemma 2.1 we see that

256 by Lemma 3.3, using Beukers’ theorem(i)

p—1 (2n)3 p—1 m 3 \/_—7 n \/_—7 9 2
_ _ p 3
anl t(—) :(2-— ):42—2 — L (mod p*).
For p = 2® + 7y?> = 3 (mod 4) we have 2 | z and 2 { y. Set a, = (2:)3, c =
y, d=2, a=Y"and N = 4. Then (¢,dN) = 1, Nca&GZ cla+a)eZ, p=
N(ca + d)(ca + d) and ca + d ¢ pZ,. Since t(@) = 55 by Lemma 3.3, using
Beukers’ theorem(ii) and Lemma 2.1 we see that

= 5 ()T = )

=

4096™

(]

n=0

= —(z4+yV/=T7)? = —(4:62 —2p

I
o

2
- %) (mod p?).

Note that p | (2:) and so p? | (2:)3 for k = ’%1, ..., p—1. Summarizing the above
proves (1.6).

Proof of (1.8). Since p = z* + 3y* = (z + y\/ 3)(z — yv/—3) for z Y € Z,
one may choose the sign of y so that x + yv/—3 ¢ pZ,. Set a, = (27:) , ¢ =
4y, d = x — 3y, a = M and N = 4. Then clearly (2.4) holds. By Lemma 3.3,

t(%ji) . Hence, applymg Beukers’ theorem(i) and Lemma 2.1 we obtain
. (2”)3 2 /2n\? 34 v/ =3yn 34+ +v-3 2
S (T )
27167 ;(TJ 1 I
2
= (z+yvV-3)?=42® - 2p — % (mod p?).
x

15



For p = 2% +3y? = 1 (mod 4) we have 2 | y. Set an: (2:)3, c=2y, d=z, a=
’3 and N = 4. Then (2.4) holds. Since t(@) = 256 by Lemma 3.3, using Beukers’
theorem( ) and Lemma 2.1 we see that

N RO I N V3N p? )
256” ( ) < ) :<2y~T+x> =4z —2p—@(modp).

M

n=

For p = 2%+ 3y? = 3 (mod 4) we have 2 | x and 21 y. Set Ay = (27?)3, c=y, d=
5, = @ and N = 4. Then (2.5) holds. Since t(@) = 55z by Lemma 3.3, using
Beukers’ theorem(ii) and Lemma 2.1 we see that

S &) i( Vo) =l Y52

n=0 n=0

2

—(z+yV=3)" = ( z? —2p — 4];2) (mod p°).

Note that p | (2:) and so p? | (2:)3 for k = ’%1, ...,p— 1. From the above we
deduce (1.8).

Proof of (1.10). Since p = (z + 2yi)(x — 2yi), we may choose the sign of x so
that « + 2yi & pZ,. Set a,, = (2:)3, c=4y, d=x -2y, a= % and N = 4. Then
(2.4) holds. By Lemma 3.3, t(+3*) = —&. Hence, applying Beukers’ theorem(i) and

Lemma 2.1 we obtain
-1 2n)3 p—1 (2%)3 1 . .
( 42\ 1+ 2
L (o e
— (—8) =\ n 2 2
2

= (x+yv—4)* =42° — 2p — % (mod p?).

bS]

Since p | (%) and so p? | (2kk)3 for £ < k < p—1, the result follows.

Proof of (1.12). Since p = 22 +2y% = (z + y/=2)(z — y/=2) for x,y € Z, one
may choose the sign of y so that = + yv/=2 ¢ pZ,.

For p = 2% + 2y*> = 1 (mod 8) we have 2 | y. Set a, = (2:)3, c=2y, d=
T—y, a= %TQ and N = 4. Then (2.4) holds. Since t(%ﬁ) = —6%1 by Lemma

16



3.3, using Beukers’ theorem(i) and Lemma 2.1 we see that

5 - 5 () e = e T ey

n:O n=0
2
=(r+yV/—-2)* =42 - 2p — 4p—2 (mod p?).
x
For p = 22 + 2y*> = 3 (mod 8) we have 2 { zy. Set a, = (277)3, c=uy, d=

=oa = %?2 and N = 4. Then (2.5) holds. Since t(%jz) = —4; by Lemma

2
3.3, using Beukers’ theorem(ii) and Lemma 2.1 we see that

S T < T

2

—(z+yV/-2)* = —(43:2 —2p — 4p—$2> (mod p?).

Note that p | (2,5) and so p? | (2:) for k=2, ... p—1. From the above (1.12)
is proved.

4. Proofs of congruences involving (%) (32)

For given rational number n set
o(n) = ded ifne{'1,2,3,...},
0 otherwise.

For 7 € H define

_ A7) u(r) = a(7) and  uy(7) = L
ha(7) = A(r)’ (7) (1 4+ 64hy(1))? dw(7) u(r)’ (1)
Then
p2mi-2T o0 1 — e2mi2Tn 24 q orin
ha(7) = exmir 11 < 1 _ g2mimn > - =, (1— g 1) for g=¢e"". (42)
By (2.1),
1 A=) 2A(r) 1
h2( - Z) TA(-L) T (2n)2A(27)  4096hy(7)” (4:3)

17



Lemma 4.1 For 7 € H we have

u(7)=u<—%) and  uy (1) — 207uy (1) + 3456 — (j(7) + j(27)) = 0.

Proof. By (4.3),

1
u( _ i) 1096ha(r) ha(T)

2T (1+Wh(7)>2 N <1+64h2<7>>2 ZU(T)

From [6, Theorem 12.17],

, (4096h5(7) + 16)3 ™y 1 3
I = —00emt) (5) (@ + 16) ' (44)
Thus,
, . _ (256hy(T) +1)° 1 3
) + o) = S ha(7) et 16)
— 22, (7)2 h2(17) 149 (212h2(7') + h217)> + 1536
_ <212h2(7‘) + hiT)) + 49 (212h2(7') + h217)> — 6656

= (u1(7) — 128)% + 49(uy (1) — 128) — 6656
= uy (7)% — 207u; (T) 4 3456.

This proves the lemma.

Lemma 4.2 Fort € H let u(t) be given in (4.1) and E5(T) denote the normalized
weight 2 Fisenstein series

T)=1- 242 1n_qqn =1- 24ZU(n)q
n=1 n=1

Then u(t) = (%)4 is a Hauptmodul for To(2)* with a unique pole at 1,

and for T € H such that u(7) is near 0,

i (2:)2 (32) u(T)" = 2E,(27) — —1+24 Z < — 20 )>qn

n=0

18



is a weight 2 modular form with respect to T'o(2)" with a unique zero of order i at
Lti
5

Proof. Both identities were proved by Cooper in [4, Theorem 4.30]. For <CCL 2) €

['o(2), using (2.2) we see that

b (CLT + b) _ A( +2b) (e + d)2A(27)

\er +d Az ) - (et + d)2A(T) = fa(7)
and so
u((ﬁ—l—b) h2(g::3) . hao(T) — u(7)
ct+d)  (1+64hy(T))2  (1464hy(7))>

By Lemma 4.1, u(7) = u(—5-). Therefore, u(7) is invariant under T'o(2)".

Clearly, u(1) = ¢+ O(¢*) and thus has a unique zero at the cusp [ioco] of order 1,
where ¢ = ¢*™". So by the Residue Theorem for compact Riemann surfaces, u(7)
must be a Hauptmodul for I'g(2)*. In addition, by the Riemann-Roch theorem, one
can show that 2FE5(7) — E(7) has a zero of order £ at the elliptic point £ of I'y(2),
which is of period 2, and so, with respect to I'g(2)", it has a zero of order ;11 at %,

which is an elliptic point of period 4 of T'x(2)*. The proof is now complete.

Lemma 4.3 For a € Z and b > 0 we have (—1)%u(“Y=L) > 0,
e/

= (—=1)% V" we see that

Wy (a4 _ e~ Vo
(—1) h2< 5 > = I, (1— (—1)ee Von@za—D)y2t

Proof. Since €27

>0

and so (—1)* (“+F) > 0.
Lemma 4.4 We have
u(‘/_2>—i u(1+\/—3>__i u<1+i)_i
2 /) 256’ 2 o 144° 4 ) 648’
U(H_ H) _1 u<1+_ H) __ b
4 N 2 3969°

81’

Proof Note that j(¥52) = j(v/—2) = 20 by [6, (12.20)]. We have u;(¥52)? —
2O7u1( 2) + 3456 — 20° — 20° = 0 by Lemma 4.1. Hence ul(@) € {256, —49} and

S0 u( ) € {525 —15}. Applying Lemma 4.3 gives u(@) = 5.
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=

By [6, p.261], j(1*¥Y=3) = 0 and 5(v/—3) = 54000. Thus u; (2Y=2)2—207u, (*¥
3456 — 54000 = 0 by Lemma 4.1. Hence u; (*Y=2) € {351, —144} and so u(*Y=2) ¢

{557, —1i7}- In view of Lemma 4.3, u(HF) o

From (2.3) and [6, (12.20)], (1“) =j(i—1) —]( ) =12% and j(1) = j(2i—2) =
j(2i) = 66%. In view of Lemma 4.1, u; (14+)? 207u1(%) + 3456 — (663 +123) =0,
{

which yields u; () € {648, 441} and so u(+*) € —441}. By Lemma 4.1,

4

u(H) = u(— (1+1¢)/2> = u(—141). Since e?™1H) = 72" we have hy(—1+1i) =
00 —27 i . _ i

1_171::1 ZI’TEZE?TiZ——TTTZI > (0 and so YL( 144 ) = 1L<'—:[ + Z) = (IJJ%%%;?%;iT%ESSE > 0. TFIlllS,
146y _ 1

uw(T) = 6w
By [6, (12.20)], j(32=T) = —15%. Since j(7 + 1) = j(1) and j(—1) = j(7), we

see that for 7 = HF, j(m) = ](270 — 1) =j(27) = j(270 + 1) = —15%. Applying
Lemma 4.1 yields

(u1(70) — 81)(u1(70) — 126) = uy(70)? — 207wy (7o) + 3456 + 2 - 15° = 0.

Hence uy(9) € {81,126}. By (4.4), 4096hs(79) is a root of (z + 16)3 = —153z.
Since (z + 16)3 + 153z = (z + 1)(2® + 47z + 4096), we see that 4096hy(79) €
{-1, _47+§5ﬁ, _47_;5ﬁ}. On the other hand, 4096h2(70) + = uy(79) — 128 €
{—2,—47}. Thus, 4096hs(19) # —1 and so

_1
ha(70)

1
1L1(7b) = 4(%96}12(7b) + }12<7b) + 128
_ArE AV 224096 L og 128 — 47 = 81,
2 AT 4 45y /—7

which yields u(7) = 4.

Recall that 7 = =", From [6, (12.20)], j(470) = j(1 + vV=7) = j(v/=7) =
255%. By Lemma 4.1, u1(279)? — 207u;(279) + 3456 — (—15% + 255%) = 0, which
yields uq(27) € {—3969 4176} and so u(27) € {— 3969, 4176} Applying Lemma 4.3,

u(2719) < 0. Thus u(27) = The proof is now complete.

Remark 4.1 Lemma 4.4 was stated by Beukers in [2, p.30] without proof.

3969

By Lemma 4.2, both u(7) and > 7 (2:)2(3Z)u(7)” satisfy the assumptions in
Beukers’ theorem.

Proof of (1.7). Since p = 22 + Ty*> = (z + yv/=7)(x — yv/—7) for z,y € Z,
one may choose the sign of y so that = + y/—7 ¢ pZ,. Set a, = (2”)2(22) c =

n

20
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2y, d = x — y, a = H—ﬁ and N = 2. Then clearly (2.4) holds. By Lemma 4.4,

—1+ﬁ ) = 3969 Hence applying Beukers’ theorem(i) and Lemma 2.1 we obtain

N I = A A v 0T 1+ /=7 2
-5 () () = e )
3969 —~\n 2n 2 2

n:0

u(

2

= (@ +yV/-7)72 =42 —2p — 4])—1_2 (mod p?).

On the other hand, setting a,, = (2:)2(32), c=4y, d=x—y, a= %?7 and N =2

one finds that (2.4) holds. By Lemma 4.4, u(HTﬁ) = 7. Hence, applying Beukers’
theorem(i) and Lemma 2.1 we obtain

P (2:)2(;12) _pii 2n\ 2 [4n u<1+\/—7>n _ <4 1+V/-T e )2
stiv 2=\ n) \2n 4 -\ Y
2
=(@+yV/-7)>2 =42 - 2p— % (mod p?).
x
Proof of (1.9). Since p = 2% + 3y* = (z + yv/-3)(z — yvV/—3) for2 x,y € Z,
one may choose the sign of y so that = + y/—3 ¢ pZ,. Set a, = (2") (4”), c =

n 2n

2y, d = x — y, a = ﬂ and N = 2. Then clearly (2.4) holds. By Lemma 4.4,
u(ﬂ)
2

[y

3
I
=)

= —3 4 1 Hence applying Beukers’ theorem(i) and Lemma 2.1 we obtain

SRS (DT - oy

n=
2

=(z+yVv-3)=42* - 2p— 4p_x2 (mod p?).

Proof of (1.11). Since p = 2% + 4y* = (x + 2y1)(x — 2yi) for z,y € Z, one
may choose the sign of y so that x + 2yi ¢ pZ,. Set a, = (2”)2(4"), c=28y, d=

n 2n

z—2y, « = and N = 2. One can check that (2.4) holds. By Lemma 4.4,

u(*) = 55 Hence, applying Beukers’ theorem(i) and Lemma 2.1 we obtain

N =Y AT N 1+i 2
Z 643" :nz_;(n) <2n)“( 4 ) :<8y' 1 “”_23/)

n=

2

= (z+yvV—4)? =42* — 2p — . (mod p?).

42
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Proof of (1.13). Since p = 2?2 +2y* = (z + yv/—2)(z — y/—-2) for z,y € Z, one

may choose the sign of y so that x + y/—2 ¢ pZ,. Set a,, = (2:)2(§Z), c=2y, d=
1

T, a = @ and N = 2. Then clearly (2.4) holds. By Lemma 4.4, u(ﬁ) = 55

Hence, applying Beukers’ theorem(i) and Lemma 2.1 we obtain

3 2&wn Sf(n) ( ) <z;2y35¢w.z;2+x>2

n=0 n=0
2

— 4,2 p 3
= 4z —2p—@(modp).

Lemma 4.5 We have

()= () = (5 = &

2 ) T asr "o ) T U 281"
u(\/— 2) 1 u<\/—58> 1
2 /) 15842’ 2 ) 3964
<1+3i> 1 (1+5z’> 1 <1+\/—5> 1
u = — u = — u _
2 12288’ 2 6635520’ 2 1024’
u<1+ —13)__ 1 u(1+\/—37>__ 1
2 82944’ 2 o 1411227
Proof. From [1, pp.200-201], for n = 6,10, 18,22, 58 we have
(1 — 1 ifn==6
64(14+/2)% 64(17+12v/2) ’
L = L if n =10
145 64(161+72v/5 ! ’
N B D ) B S fn— 18
h2( 2 ) - n(Ym)2 =\ 6A(V2rv3)F  6A(4801+1960v/6) if n =18, (4.5)
2 1 _ 1 e
64(14++/2)12 ~ 64(19601+13860+/2) if n =22,
L = 1 if n = 58.
L 64(5+2¢%)12 64(192119201+356756401/29)
Substituting these values into the formula u(‘/?‘) = (1+:sz£ (2%))2 yields the results

for u(@) in the cases n = 6, 10, 18, 22, 58.
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From [1, pp.189-191], for n = 5,9, 13,25, 37 we have

( .
_64(1i2ﬁ)6 ifn =5,
24 24 _64(1i‘/§)8 ifn=9,
o (LEVEny v on(V-n)* i 13 (46
T ) T e T | Tampy T 0
_64(“’1‘/5)24 if n =25,
1 e
k—m 1fn—37
h2(1+\/j'ﬂ)

2
(1+64hg (1Hg="))2

Substituting these values into the formula u(—H‘Q/T") =

=)

yields the

results for u( in the cases n = 5,9, 13, 25,37. The proof is now complete.

Remark 4.2 Lemma 4.5 was stated by Beukers in [2, p.30] without proof. By
(4.4),

(1 + 256hs(T))3 , 1 \3
T)= and 21)=h 7'(16—1— )
J( ) hg(T) ]( ) 2( ) h2(7_)
This together with (4.5) and (4.6) yields the values for j(@) and j(y/—n) in the
cases n = 6,10, 18,22, 58, and j(%j") and j(v/—n) in the cases n = 5,9, 13,25, 37.

Let u(7) be given in (4.1). By Lemma 4.2, both u(7) and >~ (2;)2(3‘2)11(7)"
satisfy the assumptions in Beukers’ theorem.

Proof of (1.14). Since p = 2% + 2y = (v + yv/=2)(z — yv/—2) for x,y € Z,
one may choose the sign of y so that = + yy/—2 & pZ,. For p =1 (mod 3) we have
3]y. Seta, = (2:)2(32), c= %y, d=z, a= @ and N = 2. One can find that
(2.4) holds. By Lemma 4.5, u(?"/zj) = 5. Hence, applying Beukers’ theorem(i)
and Lemma 2.1 we obtain

SO § (20 () (22

n=0 n=0

322

2

=4a® — 2p — % (mod p?).

Now assume p = 2 (mod 3). Then 3 | z. Setting a, = (*" 2(4”), c=3,d=

n 2n

-y, a= 3‘/2772 and N = 2, we find that (2.5) holds. Since u(3*/2j2) = L by Lemma

28%
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4.5, using Beukers’ theorem(ii) and Lemma 2.1 we deduce that

1

2 =S () ) =6 27 )

n=0 n

= (v +V-2y)* = 42® — 2p — f—z (mod p?).
x
Proof of Theorems 1.5-1.6. Let m € {5,9,13,25,37} and D(m) = —1024,
—12288, —82944, —6635520, —14112% according as m = 5,9, 13,25,37. For p = 22 +
my? we have p = (z + y/—m)(z — y/—m) for z,y € Z, one may choose the sign of
y so that 4+ y/—m ¢ pZ,. Set a, = (2:)2(32), c=2y,d=x—y, a= H\/i and
N = 2. Then clearly (2.4) holds. By Lemma 4.5, u(Hﬁ) = D(lm). Hence, applymg

Beukers’ theorem(i) and Lemma 2.1 we obtain

p—1 2n 4n> p—1 m 2 4n 1_‘_@ n 14++/—m 2
bl -3 e e )
D(m =\ n 2n 2 2

n=0

2
= (z 4+ V—my)? = 42% — 2p — % (mod p?).
x
For 2p = z? + my? we have 2 { zy. One may choose the sign of y so that
x +yv/—m & pZ,. Setting a,, = (2:)2(32) c= y, d=2Y o =1ym —" and N = 2,
one finds that (2.5) holds. Since u(*%4=") = D(m) by Lemma 4.5, using Beukers’

theorem(ii) and Lemma 2.1 we deduce that

Z% 22@)2@)“(@)2 oy LY rvy’

n=0

2

L o _ 1 2 p
:—§(x—|—\/—my) :—§<4x —4p—ﬁ>
2

_ 2 p 3
= —2r +2p+@ (mod p°).
Proof of Theorem 1.7. For p = 22 + 2my? we have p = (z + yv/—2m)(z —
yv/—2m) for z,y € Z, one may choose the sign of y so that = + y/—2m ¢ pZ,. Set
a, = (2:)2(32), c=2y, d=x, a= % and N = 2. Then clearly (2.4) holds. By

v —2m

Lemma 4.5, u(¥=

) = ﬁ Hence, applying Beukers’ theorem(i) and Lemma 2.1
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we obtain

G0 8 () () = )

= (2 +V-2my)* = 42* — 2p — 4p_x2 (mod p*).

For p = 222 + my? we have 2{y and 2p = (22)% + 2my? = (22 + yv/—2m)(2x —
yv/—2m). One may choose the sign of y so that 2z + yv/—2m ¢ pZ,. Setting
a, = (2:)2(;12), c=vy, d=ux, a= @ and N = 2, we find that (2.5) holds.
Since u(\/?im) = F(lm) by Lemma 4.5, using Beukers’ theorem(ii) and Lemma 2.1

we deduce that

S0 S (0 (1)) = afy )

n=

2

;(zx -V Bmy) = (4(2.75)2 —dp— —46‘;];)2)

2
= —8z% 4+ 2p + % (mod p*).

5. Proofs of congruences involving (2/<;) (3,5) (gZ)

For given positive integer k let (a)y = a(a+1)---(a + k —1). Then (a), =
(=1)*(7)k!. From [18] we know that

B _ e (~3)(~H) () - ). I _ I
(1)3 k k 4k 432k 123k '
Proof of Theorem 1.8. Suppose that p = 4n + 1 = 22 + 4y? so that x +

yv — §Z DLy Taklng D =4 in [2, Theorem 1.27] and dg = —4 in [6, (12.20)] gives
> ( )( )( )12 3k = (2 + yv/—4)? (mod p?®). Applying Lemma 2.1 we get

2

p—1 3k) (6k) P
— 2 _ o _ P 3
2 12% j:<4$ 2p 4x2> (mod p?).
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Since Mortenson[12] proved that > o_ ( NN 127k = (%)4962 (mod p?), we

must have ,
p— dk) (ﬁk) 9

Z 123k = <_73> (4x2 W %) (mod p%).

On the other hand, taking D = 16 in [2, Theorem 1.27] and dx = —16 in [6,
(12.20)] gives S0~} 5 CH (32)66*3’“ = +(x + yv/—4)? (mod p?). Applying Lemma,
2.1 we get

p—1 (2k) (3k) (Gk) p2
Z AYL.PAY.FAY7A 66{:3’“ 3k — :I:(49(:2 —2p — @> (mod p?).

By [18, Theorem 4.3], 7= (3) (%) (5;)66~*F = (2)42? (mod p). Hence,

2

p—1 3k 6k
> W = (D) (- ) o)

Proof of Theorem 1.9. Suppose that p = 3n + 1 = 22 + 3y?*(x,y € Z) and we
choose the sign of y so that +y/—3 & pZ,. Taking D = 12 in [2, Theorem 1.27] and
e = —12.n 6, (1220)] gives ) () (5) (5)34000* = -+ /=32 (mod 7).
Applying Lemma 2.1 we get

2

p—1 Sk) (6k) P
=+ (422~ 2p— ;) (mod p?).
2 54000k T ) (med )

o

By [18, Theorem 4.5], 4=¢ (%) (F) (5;)54000~% = (2)42? (mod p). Hence,

ZO 5400)0Ec J - (g) (4'752 B 4p_x2> (mod p?).

Proof of Theorem 1.13 in the case m = 11. Suppose that () = 1 and
so 4p = 2? + 11y*(z,y € Z). We choose the sign of y so that x + yv/—11 &
pZ,. Taking D = 11 in [2, Theorem 1.27] and dx = —11 in [6, (12.20)] gives
Sl (2:) (3:) (g’;)(—32)*3k = (=2 (mod p®). Applying Lemma 2.1 (with
c=4) we get

2

p—1 3k)(6k) 1 4202
_ 2 PN 2 p 3
2o (—sapk =4 (17 -2 ap = ) = (o - 2= 15 ) (mod 7).
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By

18, Theorem 4.8], S°0—0 (%) (3) (88) (—32) =% = (52)2* (mod p). Hence,
p—1 (2k\ (3k g: _9 , 2 ,
kz:% —( k()_(3k2))§k ) = <?> <x —2p — i—2> (mod p?).

In a similar way, using [2, Theorem 1.27], [6, (12.20)] and [18, Theorems 4.4,

4.6, 4.7 and 4.9] one can prove Theorems 1.10-1.12 and Theorem 1.13 in the cases
m = 19,43,67,163.
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