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Abstract .

Let {B,(x)} be the well-known Bernoulli polynomials. It is the purpose of this paper to
determine pBy, - 1,+»(x)mod p", where p is a prime, k, b nonnegative integers and x a rational
p-integer.

1. Introduction

The Bernoulli numbers {B,} and Bernoulli polynomials {B,(x)} are given by

n—1
Bo=1, ) <Z>Bk =0 (=234, ..)

k=0

and

B,(x) = Zn: <Z> B, _,x".

It is interesting to investigate arithmetic properties of {B,} and {B,(x)}. For the
work on this line one may consult [1-3, 5-9, 11, 12]. Here we give two classical results
(cf. [8]):

Kummer’s congruences: Let p be an odd prime, and b an even number with
p—14b. Fork=0,1,2, ... we have

Bk(p-l)-#b

b
kp—1)+b b

i

(mod p).

Von Staudt—Clausen Theorem: Suppose that p is a prime and ke Z™*. Then

B __ |0(mod p) if p=2and k> 1 is odd,
PBxtp-1 = — 1(mod p) otherwise.
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In [10] the author proved that

PBup-1) = kpBy—1 — (k = 1)(p — 1) (modp?),

N k k
PByp-1y = <2>Psz—2 — k(k —2)pB,- + < 2 >(P —1) (modp?),

where p > 3 is a prime and keZ".
Let p be a prime, and Z,, the set of rational p-integers. Suppose that be Z* {0} and
x€Z,. In this paper we determine pBy,- 1,+5(x) mod p" by proving that

_ x+ {(—x
ka(p—1)+b(x) - Pk(p l)+ka(p—1)+b <——p—‘—p>

n—1 '
—1—r k — 1 —r k o
E;J(—l)n 1 <n— | _r><r><p3,(,,_1)+b(x)_p(p 1)+b
X +<{—X K i
X Br(p—1)+b<4<p-ﬁ)> +(— 1)"6(n, b, p) <n>pn 1

=ak"+ a,_ k" '+ - +ak+a, (modp”) (k=0,1,2,...),

where ag,ay, ...,a, are all integers, {—x), is the least nonnegative residue of

—xmodp, and

! if B,¢Z, and p — 11|b,
_ 1.1
o(n.5.p) {0 if B,eZ, or p—14b. 1)

Clearly, our results provide a wide generalization of von Staudt-Clausen
theorem.

2. Basic lemmas

In this section we give several lemmas which will be used later.

Lemma 2.1. Let n > 1 and k = 0 be integers. For any function f we have

="21(—1)"-1-'<’;j >< )f()+2< ) —1)'Z<Z>(—1)sf(5),

0

where the second sum is zero when k < n.
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Proof. Note that

nl r n—1n—1

<I:>‘_1" INWETTEEDI) <f) @(— 1776
r=0 5=0 3 s=0r=s

n—1 k n—1 Kk — s _, n—1 k n~1-s k—s ;
:Z;)<S>Z(r_s>(—1) f(s)=Z<s> . ( s

r=s

T (k=1 —s\[k
DI W

Now applying binomial inversion formula yields the result. [

Lemma 2.2 (Raabe’s theorem (cf. Ireland and Rosen {8])). Let m,neZ™* and xeR.
Then

m—1
1Y B,(x+— )= B,(mx).
m Z ,,(x +m> (mx)

r=0

Lemma 2.3. Suppose that p > 1 and k > 1 are integers. If x, xo € Z, and x = x, (mod p)
then

Byi(x) — By(xo) Bi(x) — BkeZ

ka(x)9 k s k p-

Proof. For n > 1 we have pB,, p"~ '/neZ,. Thus,

k
k
PBi(x) = Y. <r> pB, ,x'€Z,.
r=0

It is well known that

Bi(xo +t) = Z <r> By - (xo)t".

r=0
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So

k
. k—1 x—xo\ P!
= Z( )ka_,<xo)< ) F—ez,.
r—1 p r
Assume x = n(mod p) for some neZ*. By the above and the fact Y/ _or* "' =

(Bi(n) — By)/k we obtain

Bi(x) — By Bi(x) — Bi(n)  Bi(n) — By 7
K k T e

which completes the proof. [J

A

3. Congruences of the Kummer type
In this section we prove the following.

Theorem 3.1. Let p be a prime, neZ”, beZ " {0} and xeZ,. Then

- X+ {—x)
N

0 (mod p") if neS, or p—14tb,
p" '(modp") if n¢S, and p—1]|b,

1

where
={m|ByeZ, meZ"}

3,57, .. if p=2,
C{mlp—14m meZ"} if p>2

and {—x), denotes the least nonnegative residue of — x modulo p.

Proof. Since

B,(x) = i <;l>B x""
r=0

one has

k(p—1)+b NKk(p—1)+b—r
Y+ b\ x + 7\
Buo- mb( ) Z < ><—p J) B,.
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Using Raabe’s theorem one sees that

k1) x + {—x)
p Ko=) b+1Bk(p—l)+b(x)_Bk(p~1)+b<—"p—p>
p—1 .
X x4+ {—=x)
= ;) Bk(p~1)+b<; + l—7> - Bk(p—1)+b<Tp
_k(pi)” kp—1)+b "21 x +j k<p~1>+b—rB
B r 4 P "
r=0 . j=0
J#E=x),
which gives
- X+ {(—x)
PBip-1)+5(X) —pt 1)+ka(pl)+b<‘p—p>
k(p—1)+b p-1
k(p—1)+b o -
= 2 < . Y Gty
r=0 j=0
J#L=x),

It then follows that

n

Z <Z>(_1)k <ka(p1)+b(x) — pk(pﬁl)”Bk(p_le(w))

k=0 p
n kp=1)+b po1
n kp—1)+b e -
) <k>(~1)"< ) Y. (xR,
k=0 r=0 ji=o0
J#E(=x),
n{p—1)+b p—1 n
kip—1
— prBr z Z(Z)(_l)k< (p r)+b>(x+j)k(pl)+br.
=0 iA%,E 70

Let f(k) be a polynomial of degree r with the property f(k)e Z for ke Z. It is well
known that f(k) = Y7 _, a,(¥) for some aq, ... ,a,eZ.
Now, letting f(k) = 7~ %) we get

Z <Z>(_1)k (k(P —rl) + b)(x 4 MoV
>\ (7 (K N(p— 1) +br
=2, <k>(—1) as<s>(x e

n )k—s h—s (x+j)k(p—1)+b—r
s) = k—s

sersng i ()= (7))

> (—1)Sas<"><x HJPETUIE(L — (x4 P
s=0 S

Il
/'—\ <o
!
—
~
B
TN
~—
—~
|
—_
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So

)

nip—1)+b

L Z Z(—l R S T ) (s
=0 S

J#< X>p

Since

— (x4 jpt

1 n—s
prBr,(l —(X +j)p—1)n"szpn—s+r~1,pBr,< ( 5 > Eo(modpn)

for j # (—x), and se{0,1, ... ,r — 1} we see that

5 ()8 (52

k=0
np—1)+b p—1 . N
> 1B, Z (__1)rar<n>(x+j)r(p*1)+b—r'<_M>
r

r= i= 14
0 i2 %,
n p_1 Ap—1\n—r
" n comr (L =X +J)
B N (T
r=0 = r p

I
)
|
=
+
—
~%
=
3
]
2
TN
~ =
~—
o]
~
N
=
+
~
S’
|
=
+
S
=
\_/=

]¢j<=700‘l7 r=0
—1
—_ A (X +j)b—npnB <(X +J) (x +]) >
J= p
J#EL=x2,
(x +J) = (x + )Y
= z (x +j) "< ,,< p > "B +p"B>
j¢J<=BV>p
p—1
=p'B, ), (i
j=o
J#L=x>,

N \p
<since B,,<(x +J) p(x +J) ) — B,eZ, by Lemma 2.3>
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p—1
Epn—l,an Z Sb—n
s=1
0(mod p") if B,eZ,,

p—-1
PP p—1) Y s"=p" '(modp") if B,¢Z, and p —1]b,
s=1

p—1
pP" Hp—1) ) s*=0(modp") if B,¢Z, and p—14b.
s=1

(Note that pB, =p — 1(mod p) and that p — 1 |n if B,¢7,.)
This completes the proof. [

Corollary 3.1. Suppose“that p is a prime and x€Z,. If p>n—b+ 1 and b 2 0 then

2. (Z)(— 1¥ By 1)+ (X) = P°By ("“%”) +8(n,b,p)p"" (mod p"),

k=0

where 6(n, b, p) is defined by (1.1).

Proof. Since k(p — 1)+ b > n for k > 0 we have

Z <Z>(_1)kpk(p*1)+ka(p1)+b<x + <—x>p> = pbBb <x + <—x>p> (modp")
k=0 p p

This together with Theorem 3.1 gives the result. []

4. Congruences for pB;,_,.,(x) modp"

Theorem 4.1. Let p be a prime and xeZ,. For each positive integer n there are
ag, ... ,a,€ Z, such that

_ x+ {(—x>
ka(p—1)+b(x) - Pk(p 1)+ka(p-1)+b<—pip>

=a,k" + -+ + a1k + ag(mod p")

for every k =0,1,2, ....
Furthermore, if p > n then ag, ay, ... ,a,(mod p") are uniquely determined; ifp — 1 /' b
or B,eZ, we may assume a, = 0(mod p").

Proof. Set

n

n _ x+<{—x _
Z <k>(‘“1)k <PBk(p~1)+b(x) - Pk(p 1)+ka(p—1)+b<¥>> =p" 1A,

k=0 14
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Then 4y =p <pBb(x) — p'B, <%i>p>> It follows from Theorem 3.1 that 4,7,

for n > 1. Thus, applying binomial inversion formula we obtain

X +<{—X
ka(p—1)+b( )*Pm’ 1)H)Bk(p 1)+b<——<pﬁ>
k _ o [k _
S Femr =5 ()
r=o \" r=o \F"
— pB,(x) — "B, <%ﬁ>

r—1

A, (mod p"). 4.1)
r!

Y k= 1) (k= D(=1yE

Since p"~!/rleZ, fot r > 1 we have

7 x4+ {—x)
PBk(p—1)+b(x) - Pk(p 1)+ka(p1)+b<————p>

p
=qgk" + - + ak + ag(mod p")

for some ag, dy, ..., a,€7Z,.
Let {S(n, k)} be the second kind Stirling numbers. From [13, 4] we know that

z e — m!S(n,m) if nz=m,
= |0 if n<m

Hence,
N (m K Y r \ \ o
() Gow - R 2 ()
=(—D"m!(a, + -+ + S(n,m)a,) m=0,1,...,n).
(Note that S(m,m) = 1))
For p >n we have m <n < p — 1 and so 1/m!eZ,. By the above it is clear that
Apy Ay 1, -+ » Qo (mod p”) are umquely determined.

If p— 14bor B,eZ,, by using Theorem 3.1 we see that 4, = 0(mod p). In view of
(4.1) we get

X + <—x>,,>

ka(p‘1)+b(x)—pk(p‘1)+ka(p'l)+b< »

= 2( > Yp A4, = nil ak” (modp")

r=0

for some ag, ...,a,-1€Z,.
Now, clearly we may assume a, = 0(mod p"). Hence, the theorem is proved. [
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Remark 4.1. Using the properties of Stirling numbers one can choose aq, ... ,a, SO
that a,-s!/p*"*eZ, for every s = 0,1, ...,n.

As examples we point out the following congruences:

- (2=2°M)By, = 12.(2k)*> + 182k + 1 (mod 27). 4.2)
(3 = 3*)By, = — 36k* + 108k — 93k? + 18k + 2 (mod 3%). (4.3)
(5 — 5*")By = — 125k* + 125k — 300k? — 100k + 4 (mod 5%). 4.4)

We remark that Frame [6] has given a congruence for 30B,, mod 2!.3%.5° From
the congruence he derived that

-1
mmﬁﬂ+mmcz> (mod 23.33.5%)
AR
Corollary 4.1. Let p be an odd prime and xeZ,. If k, n and b are integers with k,n > 0

and b = 0 then

x4+ {—x> "
PBiopry+5(X) = pBy(x) — p’B, <_p—£> (mod p"),
where ¢ denotes Euler’s function.

Proof. From Theorem 3.1 we have
1
1 . oo x4+ {—x
Z <.>(—1)J <ij(p—1)+b(x) - pie 1)+ij(p—1)+b<<7>p>> = 0 (mod p).
j=0 J 14
Observe that p"~!/r! = 0(mod p) for r > 1 and that ke(p") + b = p" '(p — 1) > n, by

using (4.1) we obtain the result.

Remark 4.2. In [1, 2], Carlitz proved Corollary 4.1 in the case b = 0. When x = 0 and
p — 1./ b our result can be deduced from Kummer’s congruences (cf. [8, 13]). We also
remark that the congruence holds for p =2 if n > 2.

Theorem 4.2. Let p be a prime, k, be Z" U{0} and xeZ,. For n =1,2,3, ... we have

X + <—x>p)
14

© k—1—r\/k
= Z (—1)"‘“'(” 11— :) <r><PBr(pv1)+b(x)
r=0

- k
=70 By (28 4 iy (St moap

k(p—~1)+b
PBk(p—x)er(x)—P(p ) Bk(p—1)+b<

14



162 Zhi-Hong Sun [ Discrete Mathematics 163 (1997) 153-163

where

{1 if B,¢Z, and p — 11b,
(n.b.p) = {0 otherwise.

Proof. This is immediate from Theorem 3.1 and Lemma 2.1. []

Remark 4.3. When p — 1 ¥ b we will prove in another paper the following stronger
congruences:

k(p—1)+b—1
Bk(p—1)+b(x) 4 w=h Bk(p—1)+b< »

k(p—1)+b

SR

—1)+b—1
Br(p— D+p{x) — Pr(p ) B.p- 1)+b<

rip—1)+b

X + <—x>p>

X+ <—x>p>

p
X

n—1
=) ak (modp) (agas, .. a1 €2),

r=0

which is a wide generalization of Kummer’s congruences.

Corollary 4.2. Let p be a prime, and k, n, b be three integers withk >0, b >0, n > 1.

Then
B - 1—r\/k
(1 _pk(P 1)+b-— 1 ka(p Yy = Z _l)n 1- r<n 1 r><r>
rp—1)+b—1 n k n—1 n
X(l —p )pBr(p~ +b + (—1) 5(”1 b) P) n 14 (mOdp )

Corollary 4.3. Suppose k, neZ* and xeZ,. Then

2Bk(x)__2kB <X+< x> > 2 1)" 1- r<n_i::><l:)
><<2B,(x) _ B, (x (X0 >> ( >2"B (mod 27).
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