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1. �gp�Æ

�p�Û�ê, k�g,ê, a ∈ Z, e�3x ∈ Z¦
�p | xk− a,K`Ó{ªxk ≡ a (mod p)�)(k)),
¿¡a�p�kg�{.

½n1(�gp�Æ) �p�q�ØÓ�Û�ê,K

(i) �p, q¥��k���4k + 1/ê�,

x2 ≡ q (mod p)k) ⇐⇒ x2 ≡ p (mod q)k).

(ii) �p, qþ�4k + 3/ê�,

x2 ≡ q (mod p)k) ⇐⇒ x2 ≡ p (mod q)Ã).

�gp�ÆdEuler31750cJÑ,1785cLegendre
#uy¿�ÑÜ©y²,1796c19��GaussÄg�
Ñî�y².Gauss�)��Ñ�gp�Æl�ØÓ�
y². Gauss¡�gp�Æ�“�â¥���.”
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2. ü�Ä�½n

½n2.(Fermat-Euler, ü²�Ú½n) 3ØOgS
Ú�KÒ�¹e,z�4k +1/�ê���/L¤ü�
�ê�²�Ú. (p = a2 + b2)

½n3.(Euler) �p�3k + 1/�ê,K�3����
ég,êL, M¦�4p = L2 + 27M2.

3.Euler'unog�{�ß�

Eulerß�1(1748-1750): �p�3k + 1/�ê,K

x3 ≡ 2 (mod p)k) ⇐⇒ p = A2 + 27B2(A, B ∈ Z),
x3 ≡ 3 (mod p)k) ⇐⇒ 4p = A2 + 243B2.

Eulerß�2(1748-1750): �p�4k + 1/�ê,K

x4 ≡ 2 (mod p)k) ⇐⇒ p = A2 + 64B2(A, B ∈ Z),
x4 ≡ 5 (mod p)k) ⇐⇒ p = A2 + 100B2.
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4.Gauss�ogp�Æ

Gaussl1807cåm©ïÄnog�{, 1828c�1832c
¦Ñ�
ü�og�{Ø©,JÑogp�Æ.

Gauss�ê�: Z[i] = {a + bi | a, b ∈ Z}.

Z[i]¥og�{¯K:�α, π ∈ Z[i], ¯x4 ≡ α (mod π)

3Z[i]¥´Äk)?=´Ä�3x, y ∈ Z[i]¦x4 =

α + yπ.

ogp�Æ�¿: �α, π�Z[i]¥Ø�©ê(Gauss�
ê), Kx4 ≡ α (mod π)3Z[i]¥´Ä�)�ûux4 ≡
π (mod α)3Z[i]¥´Ä�).

Gauss`ogp�Æy²´�â¥��c���.o
gp�Æ1��Ñ��y²áuEisenstein (1844).

<�3Gauss�¢v¥uy¦'uogp�Æ�©
�y²ÚAÛy². |^ogp�Æ�y²Euler'
u2,3,5�4k + 1/�êp�og�{ß�.
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5. Eisenstein(OÜd")�ngp�Æ

ω = (−1 +
√−3)/2.

Eisenstein�ê�: Z[ω] = {a + bω | a, b ∈ Z}.

3Z[ω]¥�Äng�{¯K, Kkngp�Æ.

ngp�Æ�¿: �α, π�Z[ω]¥Ø�©ê(Eisenstein
�ê),Kx3 ≡ α (mod π)3Z[ω]¥´Ä�)�û
ux3 ≡ π (mod α)3Z[ω]¥´Ä�).

1844c21���c?�Æ)Eisenstein3Í¶
�Crelle,�þÑ�
25��Ø©,Ù¥�)nog
p�Æ�Ägy²(A^GaussÚ). ��Jacobi\¡
¦31837c�Æ)�ù�¥�ÑLnogp�Æ�y
².

1845cEisensteinq|^Abel�ý�¼êØy
²nogp�Æ. 1850cEisensteinïá���kg(k�
�ê)p�Æ, =Í¶�Eisensteinp�Æ. Gauss¡
Eisenstein´V¾��Uâ. 8U����p�Æ
dArtin31927cïá.
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6. Burdeknogp�Æ

½n4(Burde, 1969) �p, q�ØÓ�4k + 1/�
ê§x2 ≡ p (mod q)k)§p = a2 + b2,2|b, q =

c2 + d2,2|d,

(i) ex2 ≡ ac− bd (mod q)k)§K

x4 ≡ q (mod p)k) ⇐⇒ x4 ≡ p (mod q)k).

(ii) ex2 ≡ ac− bd (mod q)Ã)§K

x4 ≡ q (mod p)k) ⇐⇒ x4 ≡ p (mod q)Ã).

7. +G(q)�knngp�Æ

é�êq,-Zq��q��{a8Ü,=

Zq = {qZ,1 + qZ, . . . , q − 1 + qZ} = Z/qZ,

KZq�q�����.
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©êÓ{ �p��ê, m, n, x ∈ Z, p - m, mx ≡
n (mod p), K½Â n

m ≡ x (mod p).

½Â é�êq > 3-

G(q) = {∞} ∪ {x : x2 6= −3, x ∈ Zq}.
éx, y ∈ G(q)5½��$�

x ∗ y =
xy − 3

x + y
(∞∗ x = x ∗∞ = x).

~Xµ(1) G(5) = {0,±1,±2,∞}. 3G(5)¥

1 ∗ 2 =
1 · 2− 3

1 + 2
= −1

3
= −2

1 ∗ (−2) =
1 · (−2)− 3

1 + (−2)
= 5 = 0.

(2) G(7) = {0,±1,±3,∞}. 3G(7)¥

3 ∗ 3 =
3 · 3− 3

3 + 3
= 1,

1 ∗ (−1) =
1 · (−1)− 3

1 + (−1)
= ∞.

6



½n5(Z.H.Sun§1998) �q > 3��ê§
(

q

3

)
=

{
1 eq ≡ 1 (mod 3),

−1 eq ≡ 2 (mod 3),

KG(q)´q−(q
3)�Ì�+(∞�ü �)§lÙ¥¤

kng��¤��
q−( q

3)
3 �Ì�f+"

½n6(Z.H.Sun§1998, knngp�Æ) �p, q >

3�ØÓ�ê§p ≡ 1 (mod 3), 4p = L2 + 27M2

(L, M ∈ Z),K
x3 ≡ q (mod p)k)

⇐⇒ L

3M
´G(q)¥ng�

⇐⇒ q | M or
L

3M
≡ s3 − 9s

3s2 − 3
(mod q) for s ∈ Z.
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é�êq > 3, PG(q)¥ng��¤�f+�G0(q),

K

G0(5) = G0(7) = {0,∞}, G0(11) = {0,±5,∞},
G0(13) = {0,±4,∞},
��p�3k + 1/�ê�4p = L2 + 27M2�

x3 ≡ 5 (mod p)k) ⇐⇒ 5 | L or 5 | M,

x3 ≡ 7 (mod p)k) ⇐⇒ 7 | L or 7 | M,

x3 ≡ 11 (mod p)k) ⇐⇒ 11 | L, 11 | M
or L ≡ ±5 · 3M (mod 11),

x3 ≡ 13 (mod p)k) ⇐⇒ 13 | L, 13 | M,

or L ≡ ±4 · 3M (mod 13).
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8. +H(q)�knogp�Æ

½Â éÛ�êq,-

H(q) = {∞} ∪ {x : x2 6= −1, x ∈ Zq}.
éx, y ∈ H(q)5½��$�

x ∗ y =
xy − 1

x + y
(∞∗ x = x ∗∞ = x).

~XµH(5) = {0,±1,∞}. 3H(5)¥

1 ∗ 0 =
0 · 1− 1

0 + 1
= −1,

1 ∗ (−1) =
1 · (−1)− 1

1 + (−1)
= ∞.

½n7(Z.H.Sun§2001)�q�Û�ê§KH(q)´q−
(−1)

q−1
2 �Ì�+(∞�ü �)§lÙ¥¤kog

��¤��(q − (−1)
q−1
2 )/4�Ì�f+"
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½n8(Z.H.Sun§2001, knogp�Æ) �p, q�
ØÓÛ�ê§p ≡ 1 (mod 4), p = a2 + b2(a, b ∈
Z), 2 | b, K

x4 ≡ (−1)
q−1
2 q (mod p)k)

⇐⇒ a

b
´H(q)¥og�

⇐⇒ q | b or
a

b
≡ s4 − 6s2 + 1

4s3 − 4s
(mod q) for s ∈ Z,

�

x2 ≡ (−1)
q−1
2 q (mod p)k)

⇐⇒ a

b
´H(q)¥�g�(²�)

⇐⇒ q | b or
a

b
≡ s2 − 1

2s
for some s ∈ Z.
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éÛ�êqPH(q)¥og��¤�f+�H0(q), K

H0(3) = H0(5) = {∞}, H0(7) = {0,∞},
H0(11) = {±2,∞}, H0(13) = {±3,∞}.

��p�4k+1/�ê�p = a2+b2(a, b ∈ Z,2 | b)�
x4 ≡ −3 (mod p)k) ⇐⇒ 3 | b,
x4 ≡ 5 (mod p)k) ⇐⇒ 5 | b,
x4 ≡ −7 (mod p)k) ⇐⇒ 7 | a or 7 | b,
x4 ≡ −11 (mod p)k) ⇐⇒ 11 | b or

a ≡ ±2b (mod 11),

x4 ≡ 13 (mod p)k) ⇐⇒ 13 | b or

a ≡ ±3b (mod 13).
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