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The expansion of [[,—,(1 — ¢*)(1 — ¢*)
by

Zui-HoNG SuN (Huaian)

1. Introduction. Let N, Z and R be the sets of positive integers, in-
tegers and real numbers respectively. A negative integer d with d = 0,1
(mod 4) is called a discriminant. The conductor of the discriminant d is the
largest positive integer f = f(d) such that d/f? = 0,1 (mod 4).

For integers a,b and ¢ with a,c¢ > 0 and b? — 4ac < 0, we use (a,b,c)
to denote the form ax? + bry + cy?. Two forms (a,b,c) and (a',V',c) are
equivalent ((a,b,c) ~ (a',b',c)) if there exist integers «, 3,7 and ¢ with
ad — By = 1 such that the substitution x = aX + Y, y = 7X + §Y

transforms (a,b,c) to (a’,V/, ). The substitutions x = Y, y = —X and
r=X+£kY, y=Y imply
(1.1) (a,b,¢) ~ (¢, —b,a) ~ (a,2ak + b,ak® + bk +¢) (k€ Z)

(see also [D, p. 141]). We denote the equivalence class of (a, b, c) by [a, b, c],
and the form class group of discriminant d by H (d).

Let Z% = {{(z,y) : z,y € Z}. For n € N and a,b,c € Z with a,c > 0 and
b2 — 4ac < 0, we define

(1.2) R(a,b,c;n) = |[{{x,y) € Z* : n = ax® + bay + cy®}|.
If (a,b,¢) ~ (', 1, ), it is known that (see [SW1])
(1.3) R(a,b,c;n) = R(a, —b,c;n) = R(d',¥,;n).

In this paper we extend some results in [SW2]. In particular, we show
that for a,b € N and ¢ € R with |¢| < 1,

o0 oo 1
H(l — "1 - ") =1+ Z i(R(a +b,12(a — b),36(a + b);24n +a +b)
k=1 n=1

— R(4(a+b),12(a — b),9(a + b); 24n + a + b)) ¢".
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In the special case a + b = 24, the result is equivalent to Theorem 2.2 of
[SW2].

For n € N and b € {1,2,5}, in Section 4, we determine the number of
representations of n as
322 —x +b3y2—y.

2 2

n =

For example, we have

2 2
{(w,y)EZQ:n:3x2 x+33/2 y}‘: Z (_1)(1@—1)/2'
K|

(12n+1)

In Section 5 we show that if k,m,n € N with 24 k, 2|n, m < 20k and
n > 9k, then

R(k,2m,20m;n) = R(k + 4m, 18m, 20m;n).

In addition to the above notation, we also use throughout this paper
the following notation: ord, n denotes the nonnegative integer o such that
p®||n (that is, p*|n but p®*! t n), (a,b) is the greatest common divisor
of the integers a and b (not both zero), and (%) is the Legendre—Jacobi—~
Kronecker symbol.

2. General formulas for f,;(r,m;n) and R, (r, m;n)

DEFINITION 2.1. For r,m € N and ¢ € R, we define
7“ m; q H{ mn+ m—r /2)(1_qmn+m)(l_qmn+(m+r)/2)} (‘q’ < 1).

From Jacobi’s triple product identity (cf. [HW, Theorem 352, p. 282

(with z = ¢"/2, z = —q~"/?)]) we know that
(2.1) frmig) = Y (=1)"gm 2 (jg] < 1),
In particular,
oo o0 )
f3q) = [T =g = 3 (=172 (gl <1).
n=1 n=-—00

This is Euler’s pentagonal number theorem.

DEFINITION 2.2. For a,b,r,m € N with 2|(a,b)(m — r), we define
fap(r,m;n) by

Fromig®) f(r,m;q®) =14 fap(r,min)g"

n=1
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and R, y(r,m;n) by

2 9
R, p(r,m;n) = '{(a:,y) c72. = L . re —i—bmy : ry}‘
Clearly
( > qa(m”Q—m)ﬂ) ( 3 qb(mn2_rn)/2>

=1+ Rap(r.min)g"  (lgl < 1).

n=1

THEOREM 2.1. Let a,b,r,m,n € N with 2| (a,b)(m —r). Then

Jap(r,m;n)

(2 Z 1
z,yE€ZL, x=r/2 (mod m)
(a+b)z2+4amzy+4am2y2=2mn+(a+b)r2 /4

—_

- 7’.]c2|7ﬁ7

z,y€Z, x=r/2 (mod m)
(a+b)z2+2amzy+am2y2=2mn+(a+b)r2/4
1
z,Yy€ZL, z=r (mod 2m)
(a+b)z2+8amzy+16am2y?2=8mn+(a+b)r?
- > 1 if24r
z,y€Z, r=r (mod 2m)
(a(2m—1)2+b)x2+8am(1—2m)zy+16am2y2=8mn+(a+b)r?

and

> L oif2]r,
z,y€Z, x=r/2 (mod m)
(a+b)z?2+2amzy+am?y2=2mn+(a+b)r?/4
Ra,b(r7 ms; n) = .
> 1 if24r.

z,y€Z, x=r (mod 2m)
(a+b)z?2+4amzy+4am?y2=8mn—+(a+b)r?

Proof. For ¢ € {0,1}, we see that

( i (_1)cnqa(mnkm)/2)( i (_1)cnqb(mn27rn)/2)

= Z (=1)cEtv)gn
n=0 z,YyEZ
a(max?—rz)/2+b(my?2—ry)/2=n
_ Z Z (_1)c(xfy)qn
n=0 z,YEZ

a(mz?+4rz)/2+b(my?+ry)/2=n
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_ Z Z (_1)c(x—y)qn

n=0 T, YL
a(4m2z2+4mrz)+b(4m2y?2 +4mry)=8mn

= Z (=1)clE=v)gn

n=0 T, YEL
a(2mzx+r)2+b(2my-+r)2=8mn+(a+b)r?

_ i 3 (_1)ele—v)/em)

n=0 z,y€Z, x=y=r (mod 2m)
ay?+bxr2=8mn+(a+b)r?

_ Z Z (_1)czqn'
n=0

z,2€7Z, x=r (mod 2m)
a(z+2mz)2+br2=8mn+(a+b)r?

Thus, by (2.1) and Definition 2.2 we have

(2.2) fap(rym;n) = > (—1)

z,y€Z, x=r (mod 2m)
a(z+2my)2+br2=8mn+(a+b)r?

g

and
(2.3) Ry p(r,m;n) = Z 1.
z,y€Z, x=r (mod 2m)
a(z+2my)2+br2=8mn+(a+b)r?
If 2| r, then
5 (~1) = 5 (~1)
z,yE€ZL, x=r (mod 2m) z,y€Z, 2z=r (mod 2m)
a(z+2my)2+br2=8mn+(a+b)r? a(2z+2my)2+b(2z)2=8mn+(a+b)r?
-y
2, Y€ZL, x=r/2 (mod m)
a(z+my)2+bxr2=2mn+(a+b)r? /4
and

> (=1)

z,y€Z, x=r/2 (mod m)
a(z+my)2+bxr2=2mn+(a+b)r? /4

- > (1+(-1) - >

z,y€Z, x=r/2 (mod m) z,y€Z, x=r/2 (mod m)

a(z+my)2+bz2=2mn+(a+b)r2/4

- DR D >

z,y€Z,x=r/2 (mod m) z,y€Z,x=r/2 (mod m)

a(z+2my)2+bxr?2=2mn+(a+b)r? /4 a(z+my)2+br2=2mn+(a+b)r? /4

1

a(z+my)2+bz2=2mn+(a+b)r2/4
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=2 > 1

z,Yy€Z, x=r/2 (modm)
(a+b)x2+4amzy+4am2y?2=2mn+(a+b)r2 /4

- > 1.

z,y€Z, z=r/2 (mod m)
(a+b)z2+2amzy+am?y2=2mn+(a+b)r2/4

Thus, we see that the result holds when 2 |r.
If 24 r, then

> (-1

z,y€Z, z=r (mod 2m)
a(z+2my)2+br2=8mn+(a+b)r?

= > 1-— > 1

z,y€Z, z=r (mod 2m), 2|y z,y€Z, x=r (mod 2m), 2|y—x
a(z+2my)2+bx2=8mn-+(a+b)r? a(z+2my)2+bxr2=8mn+(a+b)r?
= 2 1- 2. !
z,YyE€ZL, z=r (mod 2m) z,y€Z, z=r (mod 2m)
a(x+4my)2+bz2=8mn+(a+b)r? a(z+2m(2y—z))2+bz2=8mn-+(a+b)r2

= Z 1

z,y€Z, xr=r (mod 2m)
(a+b)z2+8amay+16am2y?=8mn+(a+b)r?

- > 1.

z,y€Z, z=r (mod 2m)
(a(2m—1)2+4b)z2+8am(1—2m)zy+16am2y2=8mn-+(a+b)r2

This together with (2.2) and (2.3) yields the result in the case 2 { r. The
proof is now complete.

We note that Theorem 2.1 can be viewed as a generalization of [SW2,
Proposition 2.1].

3. The expansion of [[;2,(1 — ¢®)(1 — ¢*)

LEMMA 3.1 ([SW2, p. 356]). Let n € N and a,b,c € Z with a,c¢ > 0 and
b2 — 4ac < 0. Then

2 Z 1= R(a,b,c;n) — R(9a,3b,c;n)

z,y€Z,x=1 (mod 6)
ax?+bry+cy?=n

— R(4a,2b,¢;n) + R(36a,6b,c;n).
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THEOREM 3.1. Let a,b € N and g € R with |q| < 1. Then

e}

[Ja-e¢*"a-4"%

k=1

=1
= 1+Zi(R(a—i—b,lQ(a—b),36(a+b);24n+a—|—b)

— R(4(a+b),12(a — b),9(a + b); 24n + a + b)) ¢"

Proof. Let n € N and n’ = 24n + a + b. Taking m = 3 and r = 1 in
Theorem 2.1 and then applying Lemma 3.1, we have

fa,b(17 3; n)
= 2 1- 2 !
z,y€Z,x=1 (mod 6) z,y€Z,x=1 (mod 6)
(a+b)x2+24axy+144ay?=n’ (25a-+b)x2—120azxy+144ay?=n’

= 7( (a +b,24a,144a;n") — R(9(a + b), 72a, 144a;n’)

— R(4(a + b),48a, 144a;n') + R(36(a + b), 144a, 144a;n'))

[\D\H

(
— —(R(25a + b, —120a, 144a; n") — R(9(25a + b), —360a, 144a; n’)
R(

4(25a + b), —240a, 144a; n") + R(36(25a + b), —720a, 144a;n")).
For a',b',c, k € Z we see that
(b, )~ (d,=V,d)~ (d, =2k =V k*c + kb +d)
~ (a/ + kb + k20 + 2k, ).
Thus (9(25a +b), —360a, 144a) ~ (9(a +b), —72a, 144a), (4(25a +b), —240a,

144a) ~ (4(a + b),48a,144a) and (36(25a + b), —720a, 144a) ~ (36(a + b),
144a,144a). Hence using (1.3) we see that

R(9(25a + b), —360a, 144a;n') = R(9(a + b), 72a, 144a;n’),
R(4(25a + b), —240a, 144a; ') = R(4(a + b), 48, 144a; '),
R(36(25a + b), —720a, 144a;n’) = R(36(a + b), 144a, 144a;n’).
Now combining the above we obtain
(3.1) 2fap(1,3;n) = R(a + b,24a,144a;24n + a + b)
— R(25a + b, —120a, 144a; 24n + a + b).

From (1.1) we have
(a+ b,24a,144a) ~ (a + b, —12(a + b) + 24a,36(a + b) — 6 - 24a + 144a)
~ (a+b,12(a —b),36(a + b))
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and
(25a + b, —120a, 144q)
~ (25a + b,4(25a + b) — 120a,4(25a + b) — 2 - 120a + 144a)
~ (25a + b,4b — 20a,4(a + b)) ~ (4(a + b), 20a — 4b,25a + b)
~ (4(a +b), —8(a + b) + 20a — 4b, 4(a + b) — (20a — 4b) + 25a + b)
~ (4(a +b),12(a — b),9(a + b)).
Thus applying the above and (1.3) we get
2fap(1,3;n) = R(a+b,12(a — b),36(a + b);24n + a + b)
— R(4(a+b),12(a — b),9(a + b); 24n + a + b).

To see the result, we note that

(32) [TO =)0 =¢") =14+ fan(1,3;n)q™
k=1 n=1

COROLLARY 3.1. For a,b,n € N we have
R(a+b,12(a —b),36(a + b);24n + a + b)
= R(4(a+b),12(a — b),9(a + b); 24n + a + b) (mod 2).
COROLLARY 3.2. Let k,m,n € N with m < 12k and 2(m, 12k) f n. Then
R(k,2m,12m;n + k) = R(k + 2m,10m, 12m;n + k).

Proof. Set a = 2m and b = 24k — 2m. Then (a,b) = (2m,24k) =
2(m, 12k) and so (a,b) t n. Hence, by (3.2) we have f,;(1,3;n) = 0. This
together with (3.1) gives

R(a + b,24a,144a;24n 4+ a + b) = R(25a + b, 120a, 144a;24n + a + b).
That is,

R(24k,48m, 288m; 24(n + k)) = R(24k + 48m, 240m, 288m; 24(n + k)).
This yields the result.

REMARK 3.1. Let m € {1,2,...,11}. Taking ¥ = 1 in Corollary 3.2
we see that if 2|n, then R(1,2m,12m;n) = R(2m + 1,10m, 12m;n). As
(1,2m,12m) ~ (1,0,m(12 — m)) and (2m + 1,10m,12m) ~ (2m + 1,2m —
4,4) ~ (4,4 — 2m,2m + 1), we deduce that

(3.3) R(1,0,m(12 —m);n) = R(4,4 — 2m,2m + 1;n).

When m < 6, (3.3) has been given in [SW2, Corollary 2.1]. For m < 5 see
also [KW].

LEMMA 3.2. Let a,b € N. Then the form (a+ b,12(a — b),36(a + b)) is
not equivalent to (4(a + b), £12(a — b),9(a + b)).
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Proof. If (a + b,12(a — b),36(a + b)) # (4(a +b),£12(a — b),9(a + b)),
then clearly (a + b,12(b — a),36(a + b)) # (4 ( +b),+12(a — b),9(a + b)).
Thus we only need to consider the case a < b. Now we assume a < b.
Let

(144a,—24a,a + b) if b > 143a,

(a + b,24a,144a) if 23a < b < 143a,
(a +b,22a — 2b,121a + b) if Ta < b < 23a,
(a+b,20a — 4b,100a + 4b)  if 2a < b < 7a,
(
(
(

F
! a+b,18a — 6b,81a + 9b) if 1—77a§b<%9a,

a+b,16a — 8b,64a + 16b)  if 3a <b< a
a+b,14a — 10b,49a + 25b) f11a<b< 2a,
| (a+b,12(a—b),36(a+1b)) ifb< Ba.

It is easily seen that Fj is a reduced form of discriminant —576ab. Using
(1.1) we see that (a + b,12(a — b),36(a + b)) is equivalent to F;. Set

( (144a,120a,25a + b) it b > 119a,

(25a + b, —120a, 144a) if 95a < b < 119a,

B (25a + b, 2b — 70a,49a + b) if 15a < b < 95a,
(25a + b, 4b — 20a, 4a + 4b) if 7a < b < 15a,
(4a + 4b,20a — 4b, 25a + b) if 2a < b < 7a,

(4(a+0),12(a —b),9(a + b)) if b < 2a.

It is easily seen that F3 is also a reduced form of discriminant —576ab. Using
(1.1) we see that (4(a+0b),12(a—0b),9(a+b)) is equivalent to F5. Clearly F}
is different from F5 and from the converse of F5, and hence not equivalent
to them, by Lagrange’s theorem for reduced forms. Putting all the above
together we obtain the result.

THEOREM 3.2. For a,b € N let {c,} be given by

o0

[Ta-a®Ha =) =1+ g™ (lal <.
n=1

k=1
(i) Assume a =b, a|n and p=12n/a+ 1. If p is a prime, then
2 if p is represented by x? + 3612,
Cn =94 —2 if p is represented by 4x% + 9y?,
0 otherwise.

(ii) Assume a # b, d = (a + b,24(a,b)) and p = (24n+a+0b)/d. If p is
a prime, then
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(a b) 1y 4 36(a+b) 2

y+—g-v,
=1 —1 ifp is represented by (ajb):cz—i— ( b) xy + (“+b) Y2,

1 if p is represented by a+b 24

0 otherwise.
Proof. When a = b we set d = 2a. As
(a+b,12(a—b)) = (a+b,24a — 12(a + b)) = (a + b, 24a)

— (a,8)((a+b)/(a,b), 24a/(a, 1))

= (a,0)((a +b)/(a,b),24) = d,
we see that ((a +b)/d,12(a — b)/d,36(a + b)/d) and (4(a+b)/d,12(a—b)/d,
9(a + b)/d) are primitive forms of discriminant —576ab/d?. Set di =
((a+0b)/(a,b),24). Then d = (a,b)d; and d; | 24. If dy € {1,2,3,4}, then

2 & (a,b) (a,b) = 42
If di € {6,8,12,24}, then
576ab _ 576 _a b >576<a+ b )
d? d?  (a,b) (a,b) = d% \(a,b) (a,b)
576

_d2 (d1—1)>d1—1>4

Thus we always have —576ab/d* < —4. From Theorem 3.1 we have
1
=5 (R(a+b,12(a — b),36(a + b); 24n + a + b)

— R(4(a+b),12(a — b),9(a + b); 24n+ a + b))
_1 <R(a+b 12(a — b) 36(a+b);p)

2 d ' d ' d
_R<4(a;— ), 12(ad— ). 9(a;— b);p»_

If p is not represented by ((a+b)/d,12(a—b)/d,36(a+b)/d) and (4(a+b)/d,
12(a —b)/d,9(a + b)/d), by the above we have ¢, = 0. If p is represented by
((a+b)/d,12(a — b)/d,36(a + b)/d), by [SW1, Lemma 5.2] and Lemma 3.2

we have

R<a+b 12(a —b) 36(a+b) )_{2 if a # b,
d’ 4 ' a P 4 ifa=b
and

4(a+0b) 12(a—>b) 9(a+b) \
R< d ) d ) d ’p - 0’

Hence ¢, =1 or 2 according as a # b or a = b. Similarly, if p is represented

by (4(a + b)/d,12(a — b)/d,9(a + b)/d), by [SW1, Lemma 5.2], Lemma 3.2
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and the above we have ¢, = —1 or —2 according as a # b or a = b. This
concludes the proof.

For example, let

[Ta=M0 =) =14+ cug™  (lal <)
k=1 n=1

If p=24n 4+ 5 is a prime, taking a = 3 and b = 2 in Theorem 3.2 we have

1 if p is represented by 522 + 12xy + 18032,
Cn =4 —1 if pis represented by 20z2 4+ 12zy + 4512,
0 otherwise.
REMARK 3.2. Let

q H q'?*)? Z¢>12 ¢" (ld <1).

The value of ¢12(n) has been given in [SW2, Theorem 4.5(iv)]. It is easily
seen that

H (1—q™)? =1+ ¢r2(12m+1)¢""  (Jg < 1).

m=1
For a,b,n € N let

1
(3.4)  ¢(a,b;n) = 5(R(a +b,12(a — b),36(a + b); 24n + a + b)

— R(4(a+1b),12(a — b),9(a + b); 24n + a + b)).
From Corollary 3.1 we know that ¢(a,b;n) € Z. For a rational number m
we let

>od ifmeN,
o(m) =

dlm
0 otherwise.

If {a,} and {b,} are two sequences satisfying
ap=0b; and b, +arbp_1+--+ap_1by =na, (n=2.3,...),

we say that (an,b,) is a Newton—Euler pair as in [S]. Now we state the
following result.

THEOREM 3.3. Let a,b € N. Then (¢(a,b;n), —ac(n/a) — bo(n/b)) is a
Newton—FEuler pair. That is, for n € N,

a0< >+ba< >+Z<aa< )+ba(lz>)¢(a,b;n—k):—nqb(a,b;n).
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Proof. Suppose ¢ € R and |q| < 1. As

n—1
1—¢" = H(l o e?m’r/nq)’
r=0
applying Theorem 3.1 we have
L+ dla,bin)g" = [J(1—¢™)(1—¢™)
n=1 k=1
oo ak—1 bk—1 .
H H 27rzr/ (ak) Q) H (1 o e27rzs/(bk)q).
k=1 r=0 s=0
Observe that
o) ak—1 bk—1
{ Z (627rir/(ak))n + Z (627Tis/(bk))n}
k=1 r=0 5=0
= Z ak + Z bk = ao(n/a) + bo(n/b).
keN keN
akln bk|n

From the above and [S, Example 1, p. 103] we deduce the result.
THEOREM 3.4. Let a,b,n € N. Then
¢(a,bin) =

21

> (— 1)kt (a(1/a)+bo(1/b))" - -(ac(n/a)+bo(n/b))

1k1 . k1| .o .nkn . knl
k1+2ko+-+nkn=n

Proof. This is immediate from Theorem 3.3 and [S, Theorem 2.2].
REMARK 3.3. Fora € {1,2,...,12} and n € N, by (3.4) we have
26(a, 24 — a;n) = R(24,12(2a — 24), 36 - 24; 24n + 24)
~ R(4-24,12(2a — 24),9 - 24; 24n + 24)
— R(1,a—12,36:n+ 1) — R(4,a —12,9;n + 1).
Hence, for n > 1,
2¢(a,24 —a;n — 1)
= R(1,12 — a,36;n) — R(4,12 — a,9;n)

:R<1,;(1—(—1) ) jl(24a—a 4 2(1—(—1)“));71)
— R(4,4 - a,a + 1;n).

Suppose ¢(a,24—a; 0)=1. Using [SW2, Theorems 2.2, 7.2 and 8.2] we see that
¢(a,24—a;n—1) is a multiplicative function of n for a€{1,2,3,4,6,8,12}.
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The values of ¢(a,24 —a;n—1) (a € {1,2,3,4,6,8,12}) have been given in
[SW2, Theorems 4.4 and 4.5].

4. Formulas for R;(1,3;n),R12(1,3;n) and R;5(1,3;n)
THEOREM 4.1. Let a,b,n € N. Then
2R, 5(1,3;n) = R(a + b,12a, 36a;24n + a + b)
— R(9(a +b), 36a, 36a;24n 4+ a + b)
— R(4(a + b), 24a, 36a;24n + a + b)
+ R(36(a + b), 72a, 36a; 24n + a + b).
Proof. From Theorem 2.1 we have

Rap(1,3;n) = Z 1.

z,y€Z, z=1 (mod 6)
(a+b)x2+12axy+36ay?=24n+a+b

Now applying Lemma 3.1 we obtain the result.

COROLLARY 4.1. Ifa,b,n € N, 31 (a+0b) and 41 (a +b), then

Rup(1,3:n) = %R(a 4+ b,6(a— b),9(a + b); 24n + a + b).
Proof. From Theorem 4.1 we have
2Rq(1,3;n) = R(a + b,12a, 36a;24n + a + b).

Note that

(a+b,12a,36a) ~ (a+b,—3 - 2(a + b) + 12a,9(a + b) — 3 - 12a + 36a)

~ (a+b,6(a —b),9(a +b)).

By the above and (1.3) we obtain the result.

LEMMA 4.1 ([SW1, Lemma 4.1]). Let d be a discriminant and n € N.
Then

> ()

m
mln

[I I1+ordyn) if2|ordgn for every prime q with (%) = -1,
=4 (9)=1
0 otherwise,

where in the product p runs over all distinct primes such that p|n and
d) _
(5) =1.
THEOREM 4.2. Let n € N. Then

2 _ 2
{<$ay>5221n=3m2 $+3y2 y}‘: Z (_1)(k—1)/2
k|12n+1
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I[I (Q+ord,(12n+1))
p=1(mod 4)
= if 2]ordg(12n + 1) for every prime ¢ = 3 (mod 4),

0 otherwise,
where p runs over all primes satisfying p =1 (mod 4) and p|(12n + 1).
Proof. By Corollary 4.1 we have R;;(1,3;n) = %R(Q,O, 18;24n + 2) =
1R(1,0,9;12n + 1). Since H(—36) = {[1,0,9],[2,2,5]} and f(—36) = 3, by
[SW1, Theorem 9.3] and Lemma 4.1, we have
R(1,0,9;12n + 1)
(T (222) T1 (1 +ord,(12n + 1))
(F)=
n+

if 2| ord, (12

0 otherwise

=2 2 ()

[(12n+1)

1) for every prime ¢ with (_74) = -1,

where p runs over all primes satisfying p = 1 (mod 4) and p| (12n+1). Thus
the result follows.

THEOREM 4.3. Letn € N and 8n+ 1 =3%ng (31 ng). Then

e ) BT

k|no

I (14 ordy no)
p=1,3 (mod 8)
if 2| ordg ng for every prime ¢ = 5,7 (mod 8),

0 otherwise,
where p runs over all primes satisfying p = 1,3 (mod 8) and p|ng.

Proof. As (1,4,12) ~ (1,0,8) and (3,4,4) ~ (3,—2,3), by Theorem 4.1
we have

2R12(1,3;n)
= R(3,12,36;24n + 3) — R(27, 36, 36; 24n + 3)
= R(1,4,12;8n + 1) — R(9,12,12;8n + 1)
R(1,4,12;8n+ 1) = R(1,0,8;8n + 1) if n=0,2 (mod 3),
= { R(1,4,12:8n + 1) — R(3,4,4; (8n +1)/3)
= R(1,0,8;8n+1) — R(3,2,3;(8n +1)/3) ifn=1 (mod 3).
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As H(-32) = {[1,0,8],]3,2,3]} and f(—32) = 2, by [SW1, Theorem 9.3]
and Lemma 4.1, we see that for any odd positive integer m,
(1+ (7)) T (1+ordym)
( 8

R(1,0,8m) = o
(1,0,8;m) if 2| ordg m for every prime ¢ with (7*) = —1,

0 otherwise

(e Y ()

klm
and
(1-(=)) II (1+ordym)
R(3,2,3;m) = 5=t
ST = if 2| ord, m for every prime ¢ with (_78) = -1,

0 otherwise

- Y (3,

klm

where p runs over all primes satisfying (7?8) =1 (i.e., p=1,3 (mod 8)) and
plm.
If n=0,2 (mod 3), then 31 (8n + 1) and ng = 8n + 1. By the above,

-8 —2
2R12(1,3;n) = R(1,0,8;8n+1) =2 Z <k> =2 Z <k)
E|8n+1 k|8n+1
So the result is true. Now assume n =1 (mod 3). From the above,

R12(1,3;n) = (R(1,0,8;8n + 1) — R(3,2,3; (8n + 1)/3))/2

2620 5,60

k|8n+1 k| 8L k|8n+1, kt8ntl
-8 -8
-Z(m)-Z(%)
klno k|no

In view of Lemma 4.1 the theorem is proved.

THEOREM 4.4. Let n € N and 4n + 1 = 5%ng = 3°ny with 5 fng and
3{ni1. Then

H(x,y) €Z?:n= 3m22_x+53y2_y}‘ _ 1+2(715()) 3 <_k5>

2
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I (14 ordyng)
p=1,3,7,9 (mod 20)
if no = £1 (mod 5) and 2|ord,ny for

every prime ¢ = 11,13,17,19 (mod 20),

0 otherwise,

where p runs over all primes satisfying p = 1,3,7,9 (mod 20) and p|n;.

Proof. As (1,2,6) ~ (1,0,5) and (3,2,2) ~ (2,—2,3), by Theorem 4.1
we have
2R175(1,3;n)
= R(6,12,36; 24n + 6) — R(54, 36, 36; 24n + 6)
= R(1,2,6;4n 4+ 1) — R(9,6,6;4n + 1)
R(1,2,6;4n+ 1) = R(1,0,5;4n + 1) if n=0,1 (mod 3),
= { R(1,2,6;4n +1) — R(3,2,2; (4n +1)/3)
= R(1,0,5;4n + 1) — R(2,2,3;(4n+1)/3) if n =2 (mod 3).
As H(-20) = {[1,0,5],]2,2,3]} and f(—20) = 1, by [SW1, Theorem 9.3]
and Lemma 4.1, we see that
R(1,0,5;4n + 1)
1+ (%) II (1+ordy(dn+1)
(=0)=1
if 2| ordy(4n + 1) for every prime ¢ with (—Tm)> =1,
0 otherwise

(14 (3) = ()

kl4n+1

where p runs over all primes satisfying (7720) =1 (that is, p = 1,3,7,9

(mod 20)) and p| (4n + 1).

If n=0,1 (mod 3), then 31 (4n + 1) and n; = 4n + 1. By the above we
have

L ' B ng -5
2R15(1,3;n) = R(1,0,5;4n + 1) = (1 + (5>) MZH <k>

So the result is true. Now assume n = 2 (mod 3). From [SW1, Theorem 9.3]
and Lemma 4.1 we see that
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R(2,2,3; (4n +1)/3)
(1= ("2) II (1+ord, ")

(=2)=1

if 2| ord, % for every prime ¢ with (_TQO) =—1,

0 otherwise
5 k|4n+l
3

where p runs over all primes satisfying (_720) =1landp ‘ %. Thus

Ri15(1,3;n) = (R(1,0,5;4n + 1) — R(2,2,3; (4n + 1)/3))/2

-5z )2 (@)

kldn+1 k|4n3+1
_1+(”5—0)Z —20 _1+(%)Z —20
- 2 i 38k ) 2 ; E )
ni ni

This together with Lemma 4.1 completes the proof.

5. Formulas for f,;(1,5;n + “Ter) + fap(3,5;n) when 5| (a+b)

LEMMA 5.1. Letn € N and a,b,c € Z with a,c > 0 and b> — 4ac < 0.
Then

2 E 1
z,y€Z,x=1,3 (mod 10)
az?+bry+cy?=n

= R(a,b,c;n) — R(4a,2b,c;n) — R(25a, 5b, ¢;n) + R(100a, 10D, ¢; n).
Proof. Clearly
2 > 1

z,y€Z,z=1,3 (mod 10)
ax?+bry+cy?=n

= > = > 1= > 1
z,y€Z, r=+1,+3 (mod 10) z,yEZ, 24z z,YEZL, 2tz 5|z
ax?+bxy+cy?=n ax?+bry+cy?=n ax?+bxy+cy?=n

= E 1-— E 1-— E 1
T,YEL z,Y€ZL, 2|z z,y€ZL, 2t
az?+bry+cy?=n ax?+bry+cy?=n 25ax2+5bry+cy?=n

= R(a,b,c;n) — R(4a,2b,c;n) — (R(25a, 5b, ¢;n) — R(100a, 10b, ¢;n)).

This proves the lemma.
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THEOREM 5.1. Let a,b,n € N with 5| (a +b). Then
fa,b(la 5a n+ (a‘ + b)/5) + fa,b(37 57 n)
1
=3 (R((a+b)/5,8a,80a;8n + 9(a + b)/5)
— R(16a + (a + b)/5,72a,80a;8n + 9(a + b) /5)).

Proof. Set n’ = 40n + 9(a + b). From Theorem 2.1 and Lemma 5.1 we
see that

fa,b(17 55 n+ (CL + b)/5) + fa,b(?’v 5; n)
= > 1— > 1

z,y€Z,x=1,3 (mod 10) z,y€Z,x=1,3 (mod 10)
(a+b)z2+40azy+400ay?=n’ (81a+b)x2—360axy+400ay=n’

1
=5 (R(a + b,40a,400a;n") — R(4(a + b), 80a, 400a; n")
— R(25(a + b),200a, 400a; n") + R(100(a + b), 400a, 400a; n'))
1
-3 (R(81a + b, —360a, 400a; n') — R(4(81a + b), —720a, 400a; n')

— R(25(81a+b), —1800a, 400a; n") + R(100(81a + b), —3600a, 400a; n")).
For o', b, ¢,k € 7 we have (a’,b,c) ~ (a' + kb’ + k?c,b' + 2k, ). Thus
(4(81a + b), —720a, 400a) ~ (4(a + b), 80a, 400a),

(25(81a + b), —1800a, 400a) ~ (25(a + b), —200a, 400a),
(100(81a + b), —3600a, 400a) ~ (100(a + b), —400a, 400a).

Hence applying (1.3) we have
R(4(81a + b), —720a, 400a; n") = R(4(a + b), 80a, 400a; n’),
R(25(81a + b), —1800a, 400a; n') = R(25(a + b), 200a, 400a; n'),
R(100(81a + b), —3600a, 400a; ') = R(100(a + b), 400a, 400a; n').
Combining the above, we obtain

fa7b(1v 5; n+ (CL + b)/5) + fa,b(3’ 9; ’I’L)

1
=3 (R(a +b,40a,400a;n") — R(81a + b, —360a, 400a; n’))
This yields the result.

THEOREM 5.2. Let a,c,n € N with a < 5¢, (a,5¢) 1 n and (a,5c) 1
(n+c). Then

R(c, 8a,80a;8n + 9¢) = R(16a + ¢, 72a, 80a; 8n + 9c).
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Proof. Set b =5c—a. Then b € N and (a, b) = (a,5c—a) = (a, 5c). Thus
(avb) + n and (avb) + (Tl + C)' Hence fa,b(175§n + C) = fa,b(375;n) =0 by
(2.1) and Definition 2.2. Now Theorem 5.1 yields the result.

COROLLARY 5.1. Let k,m,n € N with m < 20k and 2 {n. Then
R(k,2m,20m;n + 9k) = R(k + 4m, 18m, 20m;n + 9k).

Proof. Putting a = 2m and ¢ = 8k in Theorem 5.2, we see that
R(8k,16m,160m;8n + 72k) = R(32m + 8k, 144m,160m;8n + 72k). This
yields the result.

REMARK 5.1. Let m € {1,2,...,19}, n € N, n > 10 and 2 |n. Putting
k =1 in Corollary 5.1 we have R(1,2m,20m;n) = R(1 + 4m, 18m,20m;n).
As (1,2m,20m) ~ (1,0,m(20 — m)) and (1 + 4m,18m,20m) ~ (1 + 4m,
2m —4,4) ~ (4,4 —2m,4m + 1) we see that

(5.1) R(1,0,m(20 —m);n) = R(4,4 — 2m,4m + 1;n).
For m < 10, (5.1) has been given in [SW2, Corollary 2.3].
THEOREM 5.3. Let k,m,n € N with k < 2m. Then
Joram—2k (1,451 +m) + for am—2k(3,4;n)
= % (R(m, 16k, 128k; 8n + 9m) — R(m + 24k, 112k, 128k; 8n + 9m)).
Proof. From Theorem 2.1 we see that

Jokam—ok (1,451 +m) + for am—2k(3,4;n)

= > 1— > 1

z,y€Z,r=1,3 (mod 8) z,y€Z,x=1,3 (mod 8)
Ama?+64kzy+512ky?=32n+36m (96k—+4m)z2—448kzy+512ky?=32n+36m
1
G S > )
2
z,YEL, 24z z,yEZ, 24z
mz2+16kzy+128ky2=8n-+9m (24k+m)z2—112kxy+128ky2=8n+9m
1
= 5 (R(m, 16k, 128k; 8n + 9m) — R(4m, 32k, 128k; 8n + 9m)

— R(24k +m, —112k, 128k; 8n + 9m)
+ R(96k + 4m, —224k, 128k; 8n + 9m)).

As (96K +4m, —224k, 128k) ~ (128K, 224k, 96k + 4m) ~ (128k, —32k, 4m) ~
(4m, 32k, 128k), we have

R(96k + 4m, —224k, 128k; 8n + 9m) = R(4m, 32k, 128k; 8n + 9m).
Thus the result follows.
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COROLLARY 5.2. Let k,m,n € N with k < 2m, (k,2m) { (n +m) and
(k,2m) {1 n. Then

R(m, 16k, 128k; 8n + 9m) = R(m + 24k, 112k, 128k; 8n + 9m).

Proof. As (k,2m — k) = (k,2m), by (2.1) and Definition 2.2 we have
fokam—2k(1,45n +m) = fop am—2k(3,4;n) = 0. Now applying Theorem 5.3
we deduce the result.
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