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ABSTRACT. For any positive integer n and variables a and x we define the generalized Legendre

polynomial Pp(a,z) by Pn(a,z) = >3 _q (1 )( lk “)(1;29”)"3 Let p be an odd prime. In this
paper we prove many congruences modulo p? related to P,_1(a, ). For example, we show that
Py_1(a,x) = (=1){®» P,_;(a,—x) (mod p?), where a is a rational p — adic integer and (a), is
the least nonnegative residue of a modulo p. We also generalize some congruences of Zhi-Wei

Sun, and establish congruences for > 7 _ (2k) (Sk)/54k and Y 7_ ( ) (b;a) (mod p?).
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1. Introduction.
Let n be a nonnegative integer and let || be the greatest integer function. Then the
famous Legendre polynomial P, (x) is given by

[n/2]
(1.1) Fa(@) = 55 kzzo (k)( & ( n )x =l g T

see for example [B, pp.179-180]. For any positive integer n and variables a and x we introduce
the generalized Legendre polynomial

e EOCCNE EO

(1.2) h=0 h=

-2 (e

(—1)k(“+k) and (%) (“+k) = (“Jrk)( ) Clearly P, (a,z) = P, (-1 —

We note that ( . ) = 4 i on
x) and P, (n,z) = P,(z) (see [B, p.180]).
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Let p > 3 be a prime. In 2003, based on his work concerning hypergeometric functions
and Calabi-Yau manifolds, Rodriguez-Villegas [RV] conjectured the following congruences:

13) k: ) (21 (moa

(1.4) 2) (2’“];)7(:’5) = (%3) (mod p?),
. 2D ()
- ()

where (%) is the Legendre symbol. These congruences were later confirmed by Mortenson

[M1-M2] via the Gross-Koblitz formula. Recently the author’s brother Zhi-Wei Sun [Sul]
posed more conjectures concerning the following sums modulo p?:

— 2 _ _ _
L SR G0, §2 66§26

16F ’ 27k ’ 64k ’ 432 '
k=0 k=0 k=0 k=0

For the progress on these conjectures see [S2-S5]. As observed by Tauraso [T2], Zudilin and
the author ([S2, pp.1916-1917, 1920], [S4, p.1953], [S5, p.182]), we have

()-8 (-
(0 -S8. GH () - G

This is the motivation that we introduce and study P,_1(a,z) (mod p?).

Let Z be the set of integers. For a prime p let Z, denote the set of rational p — adic
integers. For a p — adic integer a let (a), € {0,1,...,p— 1} be given by a = (a), (mod p).
Let p be an odd prime and a € Z,,. In this paper we show that

w

(1.7) P, 1(a,z) = (—1)Y*P,_;(a, —z) (mod p?).

Note that P,(a,1) = 1. Taking x = —1 in (1.7) we obtain

() () - Pp_1<2a, ~1) = (—1)@r (mod £2).

(1.8)

MT
O -



For a = —%,—%,—1,—¢ we get (1.3)-(1.6) immediately from (1.8). If (a), is odd, by (1.7)
we have

(1.9) pi (Z) (‘1]; a) 2ik — P, 1(a,0) = 0 (mod p?).

k=0

This generalizes previous special results in [S2] and [Sud]. If f(0), f(1),...,f(p — 1) are
p — adic integers, we prove the following more general congruence:

0 S (O (T (v - 3 (E)nmson) o o )

k=0 m=0
(1.7)-(1.9) can be viewed as vast generalizations of some congruences proved in [S2,54]

(with @ = —3) and [Su3,Sud] (with a = —%,—%,—¢). When (a), = 1 (mod 2), taking

f(k) = (3F)/22% in (1.10) we get

(1.11) pz_:l (Z) <_1k_ a) <2:) 4% =0 (mod p?).

k=0

This implies several conjectures of Rodriguez-Villegas [RV], see (2.7)-(2.10). In this paper
we also establish the congruence

(a+1)P,_1(a+1,2) — (2a + 1)zPy_1(a,z) +aPy_1(a—1,2) =0 (mod p?)

for a # 0,—1 (mod p) and use it to prove our main results. As an application, we deduce

the congruence for Zz;é (2:) (3kk) /54% (mod p?) (p > 3), see Theorem 3.4. In Section 4,
we obtain a general congruence for Zz;é (Z) (b;a) (mod p?), where p is an odd prime and
a,b € Zy.

2. General congruences for P,_i(a,z) (mod p?).

Lemma 2.1. Let n be a positive integer. Then

(a+1)P,(a+1,2) — (2a+ 1)zP,(a,z) + aP,(a —1,x)

=—2(2a+1) <Z) <a—;n) (:(: ; 1)n+1'

Proof. It is clear that
ala+1—k)a—k)+(a+1)(a+1+k)a+k)=2a+1)((a+Ek)(a—k+ 1)+2k2).
Thus,

a—14+k a+1+k a+k k a+k—1

a( ok )—l—(a—i—l)( ok )—(2@—1—1)( 2]6)—(2@—1—1)7%_1(%_2)

=(a+k_1)(a+k(2_ki)m(a_(k_2>)(a(a+1—k)(a—k>
+(a+1)(a+1+k)(a+k)—(2a+1)((a+k)(a—k+1)+2k?))

=0.
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Therefore,
a—1+k\[(2k a+1+k\ [(2k a+k\ [(2k
1 —(2a+1

() () e () () e () ()
a+k—1\[(2k—-2

—(2a—|—1)~2< 2]4—2)(]4—1)'

For any negative integer m set ( ) = 0. Using (2.1) we deduce that

(a+1)P,(a+1,2) — (2a+ 1)xP,(a,z) + aP,(a — 1, z)

—Z (a+ 1<a+1+/€><2k) <a 1+k)< )
(m+& 1+2x21 Cg:)( )
20+ 1) 2(&-}—71)(2;) x21>”+1
Z a+1)(a+1+k)<k) a(a 1—|—k:)( )
(2a+1<(a—|—k>( ) (a;;{:k 21)<2k 2) x21)k

::_2@a+sw<z><aj;”)(x2])n+3

This proves the lemma. [

(2.1)

Theorem 2.1. Let p be an odd prime and a € Z,. Then
(a+1)P,_1(a+1,2) — (2a+ 1)zPp_1(a,x) + aPp_1(a — 1,2)

{ 20y + ) (L4 S5 (5P (mod p°) if a £ 0,1 (mod p),

—2a(p+ a+ 1)(%32)? (mod p?) if a=0 (mod p),
2(a+1)(a — p)(%51)? (mod p?) if a = —1 (mod p).
Proof. Clearly
( a )(a—l—p—l) _ a(a—1)~-~(a—(p—2))(a—i—1)(a—l—2)~-~(a—|—p—1)'
p—1 p—1 (p—1)12
If (a), # 0,p — 1, then
ala—1)---(a—(p—2))(a+1)(a+2)---(a+p—1)
= (a—{a)p)(a+p—{a)p){{a)p({a)p —1)---2-1-(p—1)(p—2)---((a)p +2)
x ({a)p + 1)({a)p +2)---(p—1
2 a4~ <ap a—(a)p (p—1P
y (== i, 1
p2 a_<a>p(

_ ) a—(a)p
=@, 0 1 A

)-1-2---({a)p — 1)}

1+ mod p?).
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If (a), = 0, then

( " )(a+p_1) :a(a+p_1)(02—12)@2—22)...(@2_(p_2)2)

p—1 p—1 (p—1)2
B (C12)(-22) - (~(p-2)2)  alatp—1)
=alatp—1) PR ORI

=—ala+p—-1)(p+1)*=—ala+p—1)(2p+1)
=—a(-2p+a+p—1)=alp+1-a) (mod p*).

If (a), = p— 1, then —1 —a =0 (mod p) and so
[y I (s [ Qs ay
=(-1-—a)(p+1—(-1-a))=—(a+1)(p+a+2) (mod p?).

Now putting all the above together with Lemma 2.1 in the case n = p — 1 we deduce the
result. [

Lemma 2.2. Let p be an odd prime and let t and x be p-adic integers. Then

Pp_l(pt,x)El—t-i-t(l—gx)p-i-t(l_Tx)p (mod p?) and so P,_i(pt,z) =1 (mod p).

Proof. It is clear that

_ 1—t+t{<1—g$)p+ (1;33)1)} (mod p?).

since (152)" = 227

the lemma. [

mod p), by the above we obtain P,_; (pt, ) = 1 (mod p). This proves

Lemma 2.3. Let p be an odd prime and let t and x be p — adic integers. Then

At =00 s {0 () (5))

() (50 (5 e




and so P,_1(1+pt,x) = x (mod p).
Proof. It is clear that

Pp_l(l + pt, ZL’)

_pil pt+ 1\ (pt+1+Ek (a:—l)k

B k k 2

k=0

B pt—|—1 pt pt—1\ [pt+1+k\ /x—1\F
=1+ (pt+1)(pt+2)°—— Z (k 2)( h )( > )
_1+(3t+2)—+th:1 prly kel (x_1>k

P 2 Z k 2

1 = 1 N
:1+(pt+2—2t)xT+tZ<p-]: )(k+1)(x2 ) (mod p?)
k=1

and so

f)p—1<1 +pt,fl))
—1

51+(pt+2—2t)xT

S ED) e ()

k=1
—1 — 1\p+1 1\P — 1\pt+1
:1+(pt—l—2—2t)xT+t{<1—i—x2 ) - () - (55)
p—

e G o ) N

= (- et e+ )T (D) 4 (50
+(p+1)2(1;x>p+(142-x)p+1_(1;3:)104—1}( od 7).

Observe that (ﬁTm)p = 1i2mp (mod p). From the above we see that

xr—1 1— 2P 14+ 1+2P l1—a2 1—2P
Py (1+4pt.a)=(1— { - _ - }
—1(1+pt,x) = ( tx +t 5 + 5 + 5 5 5 5

=z —tx + tx =z (mod p).

This completes the proof. [
Theorem 2.2. Let p be an odd prime and a € Z,. Then

P, 1(a,z) = (—1)<a>f’é3p_1(a, —z) (mod p2)



and so

k=0
Proof. Suppose m € {1,2,...,p— 2} and ¢t € Z,. From Theorem 2.1 we have
(m+14+pt)Py_1(m+1+pt,£z) — (2(m + pt) + 1)(£x)Pp_1(m + pt, £x)
+ (m +pt)Py_1(m — 1+ pt, ) = 0 (mod p?).

Thus,

(m+1+pt)(Py_y(m+1+pt,z) — (=1)" TP, 1 (m+ 1+ pt, —x))
(22) = (2m+pt)+ Da(Pyos(m+pt,a) — (~1)" Py (m + pt, —2))

— (m+pt)(Pyo1(m — 14 pt,x) — (=1)" P, (m — 1+ pt, —2x)) (mod p?).
From Lemma 2.2 we know that
Py_1(pt,z) = P,_1(pt, —z) (mod p?).

From Lemma 2.3 we see that

P,_1(1+pt,x)+ P,—1(1 +pt,—2x)

(e ) o (e () )
re((55) (5}

_ —pt+pt<<1+x>p—|— (I—_x)p> _ —pt+pt(1+xp N 1—g;p>

2 2 2 2
=0 (mod p?).

Thus,
Py_1(m+pt,x) — (=1)™P,_1(m + pt,—x) = 0 (mod p*) for m =0,1.

By (2.2) and induction we deduce that P,_1 (m+pt, z)—(—1)"P,_1(m+pt, —z) = 0 (mod p?)
for all m = 0,1,...,p — 1. Since a = (a), + pt for some t € Z,, we see that P,_;(a,z) =
(=1)‘» P, i (a, —z) (mod p?) and hence

IS <Z) <_1k_ a) 2t = Ppi(a,1 - 22) = (=1)"r Py (0,22 - 1)

k=0
— (~1)(@ pi: <Z) <_1k_ a) (1—)* (mod p?).

k=0
This completes the proof. [

Remark 2.1 In the case a = —%, Theorem 2.2 was given by the author in [S2] and inde-
pendently by Tauraso in [T1]. In the cases a = —%, —%, —%, Theorem 2.2 was given by Z.
W. Sun in [Su4].

7



Corollary 2.1. Let p be an odd prime and a € Z,. Then
" a l1—a

o = (=1){» d p?).
;(k)( ) =0 mod )

Proof. Taking z = 1 in Theorem 2.2 we obtain the result. [J
As mentioned in Section 1, taking a = —%, —%, —%, —%
(1.3)-(1.6).

Corollary 2.2. Let p be an odd prime and a € Z, with (a), =1 (mod 2). Then

)i v

k=0

in Corollary 2.1 we deduce

Proof. Taking = = % in Theorem 2.2 we obtain the result. [J

Putting a = —%, —%, —%, —% in Corollary 2.2 we deduce the following congruences:

p—1 (2k:)2

(2.3) 3k2k =0 (mod p?) for p=3 (mod 4),
k=0
p—1 (Qk:) (Sk)

(2.4) Z k54kk =0 (mod p*) for p=2 (mod 3),
k=0
p—1 (2k) (4k)

(2.5) Z 1128?: =0 (mod p?) for p=5,7 (mod 8),
k=0
p—1 (3k) (6k)

(2.6) Z 1;364?€k =0 (mod p?) for p=3 (mod 4),
k=0

where p is a prime greater than 3. We remark that (2.3) was conjectured by Z. W. Sun and
proved by the author in [S2] and Tauraso in [T1], and (2.4) was conjectured by the author
in [S2] and proved by Z. W. Sun in [Sud]. (2.5) and (2.6) were conjectured by Z. W. Sun and
finally proved by him in [Su4|, although the author proved the corresponding congruences
modulo p earlier.

Lemma 2.4. Let n be a positive integer. Then

Z”: WY _ D)

— k+1 n+1

Proof. Set o la a—1\ /(—2—a
o= B g = G
It is easily seen that g(n) — g(n — 1) = f(n). Thus,

Y fk) = f(0)+ ) (9(k) = g(k —1)) = £(0) = g(0) + g(n) = g(n).
k=0 k=1

This proves the lemma. []



Theorem 2.3. Let p be an odd prime and a € Z,.
(i) If me {1,2,... ,p— 1}, then

:_i; <Z) <_1k_ a) (Z) (287 = (1) (1= 2)* ) = 0 (mod p?).
(ii) If a # 0, —1 (mod p), then

S ()7 ) O o

k=0

Proof. By Theorem 2.2,

> () (7 )@t = e —a) =2 sa),

k=0

where f(x) is a polynomial of x with rational p-integral coefficients and degree at most p—1.
Since 4z m!(:;)a:k_m and 4 (1 —z)* = (—1)km!(1’;) (x —1)F—m = (—1)mm!(1’;)(1 —

dom dom
x)F=™ for k > m, we see that

Z (kz) (_1k_ ) (Z) (27 = () (1= )t = % ' Ji—mm (@)

k=m

Asptmlforl <m < p-—1 and di%f(a:) is a polynomial of z with rational p-integral
coefficients and degree at most p — 1, we deduce the first part.
Now we suppose a #Z 0, —1 (mod p). It is easy to see that

(2 )= () =0 monn waso (7 )(F0) =0 o)

Thus, by Theorem 2.2 we have

2 (D (" et - oo —on = o),

where g(z) is a polynomial of x with rational p-integral coefficients and degree at most p— 2.
It is easy to see that

P /Oxg(t)dt - pf (Z) <_1k_ “) T+ (_1)@/:)4&(; —o) 1)

k=0
9




Thus, using Lemma 2.4 we get

p—2 a 1—a {13k+1 + (_1)(a>p(1 o {Il)k_'_l
k k k+1

(—1)(@» If (Z)k(:k;a) _ (=Dt (a B 1) <_2 - a) (mod p?).

P p—1 \p—=2/\p-2
Since a Z 0, —1 (mod p), we see that

(o)) =) 2 () =0 o

Thus the second part follows and the proof is complete. [

g

Corollary 2.3. Let p be an odd prime, a € Z, and m € {1,2,... ,p—1}. Then
p—1
a\[(—1—a\ (k) _ mt(a), (@) [—1—a 9
2 (1)) () = () () ot
Proof. Taking # = 1 in Theorem 2.3(i) we obtain the result. [
Corollary 2.4. Let p be an odd prime and a € Z, with (a), € {2,4,...,p—3}. Then

Zz;: <Z) <_1k_ a) m =0 (mod p?).

Proof. Taking z = £ in Theorem 2.3(ii) we obtain the result. O

Theorem 2.4. Let p be an odd prime and a € Z,,. If f(0), f(1),.

.., f(p—1) are p — adic
integers, then

k

pi (Z) <_1k_ a) ((—1><a>”f(k> -y C:;) (—1)mf(m)) =0 (mod p?).

k=0 m=0

Proof. From Corollaries 2.1 and 2.3 we see that

SO S v

= go(—l)mﬂm) :_i; (Z) <_1k:_ a) (Z)

S 7 ) ()7 ()

_ (C)@s pi (Z) <_1k_ “)f(k;) (mod p?).

k=0

3

—~

This yields the result. [J

Remark 2.2 In the case a =

—%, Theorem 2.4 was obtained by the author in 2010. In the
cases @ = —=, —1

3 1 —%, Theorem 2.4 was recently obtained by Z.W. Sun in [Su4].
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Theorem 2.5. Let p be an odd prime and a € Z, with (a), =1 (mod 2). Then
2o\ (—1—a) [2k) 1
1 1 )
2 (1) () (&) =0 ot

k
Proof. Set f(k) = (Qkk) /2%F. From [S1, Example 10] we know that (;)(—1)mf(m)
m=0
= f(k). Thus, applying Theorem 2.4 we deduce the result. [

Putting a = —%, —%, —%, —% in Theorem 2.5 we deduce that for any prime p > 3,

p—1 (2k)3

(2.7) Z 6k4k =0 (mod p?) for p=3 (mod 4),
k=0
p—1 (2k)2(3k)

(2.8) Z W =0 (mod p?) for p=5 (mod 6),
k=0
p—1 (2k)2(4k)

(2.9) Z % =0 (mod p?) for p=5,7 (mod 8),
k=0
p—1 (zk) (Bk:) (sz)

(2.10) Z W =0 (mod p?) for p=3 (mod 4).
k=0

Here (2.7) was conjectured by Beukers [Beu] in 1987 and proved by van Hamme [vH]. (2.8)-
(2.10) were conjectured by Rodriguez-Villegas [RV]| and proved by Z. W. Sun [Su3].

3. Congruences for P,_1(a,0) (mod p?).
For given positive integer n and prime p we define

1 1 1 |
Hy =0, Hn:1+§+§+"'+ﬁ and qp(a):T
Theorem 3.1. Let p be an odd prime and t € Z,,.
(i) Ifn e {0,1,..., 52}, then Pp_1(2n+ 1+ pt,0) = 0 (mod p?).
(ii) Ifn € {0,1,..., 251}, then

p—1

Py (20 + pt, 0) = ( z ) (14 p((1+ 1) Hap ?Hn ~ 1,(2))) (mod p?).

Proof. Putting x = 0 in Theorem 2.1 we see that

a

n 1Pp_1(a —1,0) (mod p?) for a#0,—1 (mod p).

11

Pp_l(a-i- 1,0) = _a



Assume n € {1,2,... ,%}. Then

P,_1(2n+1+pt,0)
2n + pt
_2n—|—1—i—pt
(—1)" 2n 4 pt .2n—2+pt‘”2—l—pt
n+1+pt 2n—1+4pt 3+ pt

P,_1(2n—14pt,0)=---

P,_1(1 + pt,0) (mod p?).

By Lemma 2.3,

. p p+1 1 Iy p D, 9

Thus, from the above we deduce that P,_1(2n+1+pt,0) =0 (mod p?) forn =0,1,..., %.
This proves (i).

Now let us consider (ii). Assume n € {1,2,..., %} Then
2n — 1+ pt
P,_1(2 t,O)=—"—"“"P (2n—2+pt,0)=---
pl(n+pv> 2n—|—pt pl(n +pv>

(_1)n2n—1+pt_2n—3+pt...3+pt-1+pt p—1
2n+pt  2n—2+4+pt  4d+pt 2+pt

13- (2n =1+ pt Y 5)

24 (2n)(1+pt Y} 5%)

() o e
1

<2:> (1 + pt(Hzp — Hy)) Pp1(pt, 0) (mod p?).

(pt,0)

Pp—l (pt7 O)

(=1

(=4)"
By [S2, Lemma 2.4],

(3.1) ﬁ(i‘) _ (?) (1 —|—pé ﬁ) _ (%) (1+ p(Ha - %Hn)) (mod p?).

From Lemma 2.2 we have

P,_1(pt,0)=1—-t+ =1—-t+1t(1—pgy(2)) =1-ptgy(2) (mod p2).

2p—1

Therefore, for n =0,1,..., % we have

—1

Ppoa2nt0) = (2 ) (L p(Han = 52)) (1 pt(Ean — H,))(1 = piay(2)

p—1

= ( ; )(1 +p((1+t)Hap — 2757;—1}[”—75(]1,(2))) (mod p?).

This proves (ii) and hence the proof is complete. [
12



Corollary 3.1. Let p be an odd prime and let a be a p-adic integer with a Z 0 (mod p).
Then P,_1(a,0) =0 (mod p?) or P,_1(—a,0) =0 (mod p?).

Proof. If a = 2n + 1 (mod p) with n € {0,1,... ,pT_?’}, by Theorem 3.1(i) we have
P,-1(a,0) = 0 (mod p?). If a = 2n (mod p) for some n € {1,2,... ,pT_l}, then —a =
p—2n=1+ 2(”7_1 —n) (mod p) and so P,—1(—a,0) = 0 (mod p?) by Theorem 3.1(i). O

For a,b € Z (not both zero) let (a,b) be the greatest common divisor of a and b.

Theorem 3.2. Let p be an odd prime, m € Z, m > 1, r € {£1,4+2,... ,£(m — 1)},
(p,m)=(r,m)=1and p>2m+r.
(i) If 24 rm, then

n() -5 () ()

k=0
(P02 (U p((1 ~ 2)Hon + (3 — ) Ha + 205(2))) (mod p?)
_ if 1 = 2sp (mod m) f0rsomes€{1,2,...,mT_1}
N sp—(mtr)/2

and n = — ,

0 (mod p?) ifr = (2s— 1)p (mod m) for some s € {1,2,... ,mT_l}

(ii) If 24 m and 2 | r, then

) =S () ()3

k=0
(P02 1+ p((1 — 22) Hap + (2 — 1) H, + 22¢,(2))) (mod p?)
_ if 5 = —sp (mod m) forsomes€{1,2,...,mT_1}
B and n = M,
0 (mod p?) if 2 = sp (mod m) for some s € {1,2,..., 21},

(iii) If 2 | m and 2 r, then

P,y (%,o) _ l;) (r/]€m> (—1 —kr/m) 2%
(P03 A+ p((1 = 2)Hap + (5 — 3 Ha + 25(2))) (mod p?)

if r = —sp (mod 2m) for some s € {1,2,...,m— 1}

sp+r

and n = =5,

0 (mod p?) if r = sp (mod 2m) for some s € {1,2,...,m — 1}.

Proof. We first consider (i). If 2 + rm and r = (2s — 1)p (mod m) for some s €
{1,2,..., 21}, setting n = W —1landt=—2-1 we find n € {0,1,... ,p—j’} and
13



2n+1+pt = —1— = Thus, from Theorem 3.1(i) we obtain P,_1(%,0) = P,_1(—=1—=,0) =
P,_1(2n+1+pt, 0) =0 (mod p?). If 24 rm and r = 2sp (mod m) with s € {1,2,..., ™1}
setting n = W and t = ES we find n € {1,2,... ,p—gl} and 2n + pt = —1
Thus, from Theorem 3.1(ii) we deduce that

r T
P_<—,O>:P_<—1——,O>:P_ 2 + pt, 0
=1 p—1 m p—1(2n + pt, 0)

(09 - 1)/2) (14 2((1 = ) Ho + (22 = D) Hot 22,(2))) (mod )

n 2

This proves (i).

Now we consider (ii). Suppose 2 { m and 2 | r. If § = sp (mod m) for some s €
{1,2,..., ™1}, setting n = Sp_r/z — 1 and t = —25 we find that n € {0,1,... ,pg?’} and
2n+1+4pt = —1—-. Thus, from Theorem 3. 1(i) we obtain P,_1(,0) = P,_1(—1—7,0) =
Pp_1(2n—|—1—|—pt,0) = 0 (mod p?). If £ = —sp (mod m) for some s € {1,2, m-1}, setting
n = ﬂﬁ:/z and t = —%‘9 we find that n € {0,1,... ,%} and 2n + pt =
Theorem 3.1(ii) we deduce the result.

Let us consider (iii). Assume 2 | m and 2 t r. If r = sp (mod 2m) for some s €
{1,2,...,m — 1}, setting n = 22— — 1 and t = —= we find that n € {0,1,... ,%} and
2n+1+pt = —1—"-. Thus, from Theorem 3.1(i) we obtain P,_1(--,0) = P,_1(—1—",0) =
P,_1(2n+1 + pt, O) = 0 (mod p?). If r = —sp (mod 2m) for some s € {1,2,...,m — 1},
setting n = % and t = —> we find that n € {0,1,... ,%} and 2n +pt = . Now

2
applying Theorem 3.1(ii) we deduce the result. The proof is now complete. [

9
L. Thus, from
m

From Corollary 2.2 or Theorem 3.2 we deduce the following result.

Theorem 3.3. Let p be an odd prime. Then

P,_1(1/2,0) =0 (mod p?) for p=1 (mod 4),
P,_1(1/3,0) =0 (mod p?) for p=1 (mod 3),
P,_1(1/4,0) =0 (mod p®) for p=1,3 (mod 8),
P,_1(1/5,0) =0 (mod p?) for p=1,2 (mod 5),
P,_1(1/6,0) =0 (mod p?) for p=1 (mod 4),

P, 1(1/7,0) =0 (mod p*) for p=1,3,5 (mod 7),

P, 1(1/8,0) =0 (mod p?) for p=1,7,11,13 (mod 16),
P, 1(1/9,0) =0 (mod p?) for p=1,2,4 (mod 9),

P, 1(1/10,0) =0 (mod p*) for p=1,3,7,9 (mod 20),
P, 1(1/11,0) =0 (mod p*) for p=1,4,5,8,9 (mod 11),
P, 1(1/12,0) =0 (mod p*) for p=1,5,7,11 (mod 24).

14



Lemma 3.1 ([L]). Let p be an odd prime. Then
(i) Hp = —2,(2) (mod p), Hiz) = —3¢,(2) (mod p).
(ii) For p > 3 we have Hjz) = —34,(3) (mod p) and Hip) = —2¢,(2) - 34»(3) (mod p).

Theorem 3.4. Let p > 3 be a prime. Then

pi o)) _ { 24 — £ (mod p?) if3|p—1,p=A>+3B? and3| A -1,
k - 2 .

= 4 0 (mod p?) if 3| p—2.

Proof. From Theorem 3.2(i) we see that

Zi (k:)(k) :Pp_1<—1,0>

k
— o4 3

_ { (g)(l +p(%H2<p;1> + %Hprl + 2¢,(2))) (mod p?) if p=1 (mod 3),
0 (mod p?) if p=2 (mod 3).

Now we assume p = 1 (mod 3) and p = A% + 3B? with A,B € Z and A = 1 (mod 3).

From Lemma 3.1 we have Hya = —34,(3) (mod p) and

(p—1)/3 1 (p—1)/3 1 3
Hz(p;l) =Hp1— Z ok = = —Eqp(?)) (mod p).
k=1 k=1
Thus,
1 1 2 1 1 2
gH@ + EHPT* + ng(Q) = _QQP(:}) - ZQP(3> + §QP(2)
2 3
= 20p(2) ~ Sa(3) (mod p)

By [BEW, Theorem 9.4.4],

(E) - (ﬁ) = (2A - %) (1 - ;qp@)p + qu(?))p) (mod p?).

3

Therefore,

(- )

N ! i,
1 (1 +p(§H2(P;1) + EHprl + gCJp(Q)))

(24 5) (1-2(50 - 503)) (1+2 (50 - 03

—op_ P 2
=2A 54 (mod p©).

This completes the proof. [

S
w

Remark 3.1 In [S2] the author conjectured Theorem 3.4 and proved the congruence modulo
p. In [Sud], Z.W. Sun proved the result for p =2 (mod 3).
15



4. Congruences for >0_; (4)(*.%) (mod p?).
Let n be a nonnegative integer. For two variables a and b we define

(4.1) Sp(a,b) = i (Z) (b . a).

k=0
Set

Fla, k) = (Z) (b;a) and  G(a, k) :(2a—b+1)<ki1> (b;‘:l)

It is easy to see that

(a —b)F(a,k)+ (a+1)F(a+1,k) = G(a,k+ 1) — G(a, k).

Thus,
(a—b)ZF(a,k)—i—(a—i—l)ZF(a—i—l,k)
k=0
_Z (a,k+1) — G(a, k) = Gla,n+ 1) — G(a,0) = G(a,n+1).
That is,
a\(b—a—1
(4.2) (a —b)Sp(a,b)+ (a+1)Sp(a+1,b) = (2a — b+ 1)(n) ( N )
Lemma 4.1. Let p be an odd prime and b,c,t € Z,. Then
(b)p
pt\ [b+ cpt 1
Z(k)( f )—1+ tz (mod p?).
k=0
Proof. Clearly
’f (pt) <b+cpt)
— k k
p—1 p—1
B pt (pt —1\ (b4 cpt\ pt( —1 b
- R () () = 2R )G
k=1 k=1
p—1 <b>p
_ Pt b)p (= 1 (b
=1+ (k ) —1+ptz .
k=1
. tzf(_l)k_l (®), /1 1 e 1t o /1% B0 (a1 4
= P i ; x T = P ; i x x
k=1 k=1
L — )0 — ooy
—1—|—pt/ (1-2z) 1da:—1—|—pt/ uildu
—T o u-—1

b>p_1 (b)p—1

—1+pt/ Zu du—l-l—ptz mOdpQ).

This proves the lemma. D
16



Lemma 4.2. Let p be an odd prime, m € {1,2,... ,p—1} and t € Z,,. Then
m+pt —1 pt o P2 Pl 5
=P PP PENT Y (mod pd).
< p—1 ) m m2+mzk(m0p)
Proof. For m < & we see that
(m-l—pt—l)_(m—1+pt)(m—2+pt)---(1-|—pt)-pt(pt—l)---(pt—(p—l—m))
p—1 (p—1)!
pt(p*t? —12) - (p*t? — (m —1)*)(pt —m) - (pt — (p — 1 —m))
(p—1)!

. (m — 1)!(—1)(—2) ...... (_(p 1 m)) p—1—m 1
= pt = (1-pt k;@ E>

(_(;i_m;m E;:__S)! (1 — pt(Hp—1-m — Hpm + %)) (mod p%).

For m > £ we also have

(m-l—pt—l) _ (m—1+pt)(m—2+pt)---(L+pt) -pt(pt—1)---(pt — (p — 1 — m))

Pt (p—1)!
PP =12 (PR = (p— 1= m)2)(pt+p—m)---(pt+m — 1)
(p—1)!
(=P (p— 1 —m)l(m— 1) m-1
- (b 1! (1 =, P
(=Pt (m 1)

=pt- o—m) py <1 —pt(Hp_l_m —H,, + %)) (mod p?).
Since (p—m)---(p—1) = (—1)"m!(1
m-+pt—1\ _ (=1)™ - (m—1)! pt

( p—1 ) =pt (=)™ -m!(1—pH,,) (1 m ~PHHp—1om = Hm))

pH,,) (mod p?), by the above we get

t t
=n +pHm)(1 L A Hm)>
_pt_ptet g “H.)—H. ) (mod p?
~m m (m +t( p—1—m m) m) ( Odp )

To see the result, we note that

p—l—m1 m 1 p—1 1 m 1
H —1—m — Hm — _ — — = S _
p—1 Z r Z k p—k Z L
r=1 k=1 k=m+1 k=1
B p=l f: 1 (p—1)/2 (1 .\ 1 >
k=m+1 k k=1 k — . p=T
=0 (mod p). O



Lemma 4.3. Let p be an odd prime, m € {1,2,... ,p—1} and b,t € Z,. Then

1 (mod p?) if m = (b), + 1,
b— (m+ pt b—(b), — ,
(TImEI) = § e mod 1) im0
Lo opUHD) (1mod p2) i m > (B, + 1.

Proof. If m = (b),, + 1, setting b —m =rp+p — 1 we find r € Z,, and so

(b—m—pt) _(p=1+4pr—t)(p—2+p(r—1)---(L+p(r—1t))
p—1 (p— 1!

3
L
.

e

=1+p(r—t) (
1 k=1

=1+4+p(r—t)

>
I

Now we assume m # (b),+1 and b—m = (b—m), +pr. Thenr € Z,, (b—m), < p—2 and

p—2 — L
(b—(m+Pt)): 1 H((b_m>p—k+p(r—t))zp(r t), II (-my—-k
k=0

p—1 (p—1)! 2 =D
k#(b—m)p
_ p(r —1t) _ plr—t) :b—m—(b—m>p—pt (mod p?)
S (b—m)p—p+1 b-—m+1 b—m+1 '

Since
(b)p, —m if m < (b),,
(b—m)p = :
p+(b)p—m ifm>(b),+1,
we see that

b—m —((b)p —m) =b—(b)p if m < (b)p,
b—m—(b—m), = .
b—m—(p+(b)y—m)=b—(b),—p if m> (), + 1.
Now combining all the above we obtain the result. [

Theorem 4.1. Let p be an odd prime and a,b € Z,. Then

@t ) |
(arp—(bro) ()7) (b= (b)p) (mod p) if (a)p > (b)p,

(
P21 /o (b—a B <
S ()2 =1 @00 m, - @,
—(b—a—(b—a)p)Hp_a),) (mod p?) if (a), < (b)y-

Proof. If (a), = 0, the result follows from Lemma 4.1 (with pt = a@ and ¢ = —1). From
now on we assume (a), > 1. Set a = (a), + pt and b = (b), + ps. Then s,t € Z,. For
18



m € {1,2,...,p— 1}, by (4.2) and Lemmas 4.2-4.3 we obtain
(m+pt)Sp—1(m +pt,b) + (m+pt —b—1)S,_1(m + pt — 1,b)

= (2(m+pt) =1 -b) (m +ftl_ 1) (b —;njpw)

(4.3) (2m—1-b)2 +p?t(L + H,,) (mod p®) if m = (b), + 1,
(2m — 1= b)2t . 2Pl (10 p3) if m < (b),,
(2m—1-b)2L. % (mod p3)  if m > (b), + 1.
Hence, if 1 < (a), < (b),, then
Sp—1(a,b)

=S, 1({a)y +pt,b) = — (a)p, +pt —b—1

<a>p +pt
_ LW e ¥ P T g oy 1y )

Spo1((a)y — 1+ pt,b)

(a)p + pt
_ 1+ (b)p—Aa)p+pls—1t) 14+ ) —({a),—1)+p(s—1)
B T Wo—1rpt or@m2eand)

e ), — k4 p(s —t
kst

" - Sp—1(pt,b) (mod p2).

Now applying Lemma 4.1 we see that for 1 < (a), < (b),,
Sp_l(CL, b)

() ((b)p — 1) - ((B)p — (a)p + 1) (1 +p(s —t)(Hpy, — Hip—ay,))
= (@) /(1 + ptH g ) (L4 ptf), )

)ﬂ+p®—MH@,=mF%»ﬂ—MHWJG+WH@J
bp

= () 1+ 0= O, ~ (0= @) H, — (0= 0= (= ) Ho-a,) (mod 1)

Now we assume (a), > (b),. Clearly

Sp—1((b)p +pt,b) =1+ Z_: <<b>p —I—pt) b= (), —pt <b — (b2 —pt = 1) =1 (mod p).
k=1

b)p

a)p

(b)
(@)
(b)p
(a)
(b)
)

) (1+psHpy, —ptHy, — (ps —pt)Hp_q),)

Q

p

k k k—1
This together with (4.3) yields
((b)p + 14 pt)Sp—1((b)p + 1 + pt, b)

= —((b)p + pt — b)Sp—1((b)p + pt,b) + (2((b) + 1) — 1 — b) <b>Pt+ 1

=b—(b), — pt +pt =b— (b), (mod p?).
19



Thus,

b—(b)y b— (b)p
(b)yp+1+pt  (b)p,+1

(4.4) Sp—1((b)p + 1+ pt,b) = (mod p?).

This shows that the result is true in the case (a), = (b),+1. Now from (4.3)-(4.4) we deduce
that for (a), > (b), + 1,

Sp1(a0) = Sya((ay+9.8) = (2 = 1) Symala)y 0t = 10

a), + pt
b-|—1 )( b+ 1
-l—pt (a), —1+pt
(a)p
= I1 (bH —1)-Sp_1(<b>p+1+pt,b)

- 1)sp_1(<a>p — 24 pt, b)

k=(b)p+2 k+pt
_ <1”->[ (Bpt+1-k b-(b),
k=(b)p+2 k (b)p +1

= (_1)<a>p_<b>p—1 _— o ,
(<a>p - <b>p)(<<z>>:)( < >p> ( p )

This completes the proof. [

Remark 4.1 Let p be an odd prime and a € Z,. Taking b = —1 in Theorem 4.1 and
then applying the fact H(_y_qy = H(,—1_ay, = H(q), (mod p) we deduce Corollary 2.1. In

[Su2], Z.W. Sun showed that
p—1 2
a 2a ) 5
= (mod p~).
=0 <k) (<a>p

This can be deduced from Theorem 4.1 by taking b = 2a.
Corollary 4.1. Let p be an odd prime and a,b € Z,. Then

SO0 = () woan

Corollary 4.2. Let p be an odd prime and a € Z,. Then
pil (a) (—a) B { 0 (mod p?) ifa #0 (mod p),
= \k)\ k L1 (mod p?) ifa=0 (mod p).

Proof. Taking b = 0 in Theorem 4.1 we deduce the result. [J
20



Corollary 4.3. Let p be an odd prime and a € Z,. Then

SO )= ot oot

k
k=0 2 —a (mod p?) ifa=1 (mod p).

Proof. Taking b = 1 in Theorem 4.1 we deduce the result. [
Using the method in the proof of Lemma 2.4 we can show that for any positive integer n,

e —a n+a\/fn—a
@ > () ()= () 00°)

k=0

" /a\ (1-a a?—a—-nfa—-2\[-a—-1
@ 2 (1) ()= 0o G5

k=0
Theorem 4.2. Let p be an odd prime. Then

-1

B CDFRER) (mod gt ifp=3 (mod 4),
)()={ e

(—1)5 (2

Proof. Set ¢ = —% and b = —%. Then

4

EL ifp=1 (mod 4),
@y=1 o, =Ty, T
P2 if p=3 (mod 4).

% if p=3 (mod 4),

{ 323 if p=1 (mod 4),
If p=3 (mod 4), then (a), > (b),. Thus, by Theorem 4.1 we have

Sp-1_p-3_ 3(p+1)y ~*

2 R e O B R (R

4

by the above we obtain the result in the case p = 3 (mod 4).
21
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Now we assume p = 1 (mod 4) and so p = 22 + y? with 2,y € Z and z = 1 (mod 4). By
the proof of Lemma 4.2 and Lemma 3.1(i) we have Hap_1) = Hp = —3¢,(2) (mod p) and
4

Hyp1 = —2¢,(2) (mod p). Now applying the above and Theorem 4.1 we deduce that

Ao (1—@1{ P, + Py )
= 4 3(p 1) 4 pl 2 pl

W‘M'@
1ML
/_l\
??‘u;h—‘
~
/\l
??‘l\’)h—t
~~
Il

By [BEW, Theorem 9.4.3] we have

(%) = (233 — ﬂ)(—l)%1 <1 — %pqp(2)> (mod p2).

. 2
Hence
S () () =0 e £) toart

This proves the result in the case p =1 (mod 4). The proof is now complete. [

Theorem 4.3. Let p > 3 be a prime. Then
—1

Pz—:l <_%) <_%) _ %P(Z?) (mod p?) if p =2 (mod 3),

o\ k k 2A — & (mod p*)  ifp=A*+3B*=1 (mod 3) and 3| A — 1.

Proof. Set a = —% and b = —%. Then
1 e
p—1 = if p=1 (mod 3),
(b)p ==~ and (a), = { o

T_l if p=2 (mod 3).

For p = 2 (mod 3) we have (a), > (b),. Thus, by Theorem 4.1 we get

E(0)- <> 5 i

(£)-(%)- (s
<%

Note that

I
+
= c,o‘_|_
\_/ c,o‘—|—

w‘



We then get the result in the case p = 2 (mod 3).
Now we assume p = 1 (mod 3) and so p = A2 + 3B2? = 1 (mod 3) with 3| A — 1. By
Theorem 4.1 and Lemma 3.1 we obtain

R~ 4\ (-1 =5 p p p
6 3 2 _ il =
(-2 i

p—1 2

(12) (1= B20@)+ B~ 20,2 - S0,) + 2~ 20,))

) (12 Can2) — 2y@)) (mod 57

By [BEW, Theorem 9.4.4],

()

(24- 2 (1-pCa® ~ 20,(3) ) (mod p?).

P
Therefore,
p—1 1 1
—% T3 — P 2 2 g _% 2\ _ . p )
kg(}( k )( k ) - <2A 2A> <1 P (3%(2) - 7%(3)) ) =24 — = (mod p°).

This proves the result in the case p =1 (mod 3). Hence the theorem is proved. [

REFERENCES

B] H. Bateman, Higher Transcendental Functions, Vol.II, McGraw-Hill, New York, 1953.

BEW] B.C. Berndt, R.J. Evans and K.S. Williams, Gauss and Jacobi Sums, Wiley, New York, 1998.

Beu] F. Beukers, Another congruence for the Apéry numbers, J. Number Theory 25 (1987), 201-210.

vH] L. van Hamme, Some conjectures concerning partial sums of generalized hypergeometric series, in:
p-adic Functional Analysis, 1996, in: Lect. Notes Pure Appl. Math., vol. 192, Dekker, New York,
1997, pp. 223-236.

[L] E. Lehmer, On congruences involving Bernoulli numbers and the quotients of Fermat and Wilson,
Ann. of Math. 39 (1938), 350-360.

[M1] E. Mortenson, A supercongruence conjecture of Rodriguez-Villegas for a certain truncated hyperge-
ometric function, J. Number Theory 99 (2003), 139-147.

[M2] E. Mortenson, Supercongruences between truncated 2F1 hypergeometric functions and their Gauss-

ian analogs, Trans. Amer. Math. Soc. 355 (2003), 987-1007.

[RV] F. Rodriguez-Villegas, Hypergeometric families of Calabi-Yau manifolds, in: Noriko Yui, James
D. Lewis (Eds.), Calabi-Yau Varieties and Mirror Symmetry , Toronto, ON, 2001, in: Fields Inst.
Commun., vol. 38, Amer. Math. Soc., Providence, RI, 2003, pp.223-231.

[S1] Z.H. Sun, Invariant sequences under binomial transformation, Fibonacci Quart. 39 (2001), 324-333.

[S2] Z.H. Sun, Congruences concerning Legendre polynomials, Proc. Amer. Math. Soc. 139 (2011), 1915-
1929.

[S3] Z.H. Sun, Congruences involving (Qkk)2(3kk), J. Number Theory 133 (2013), 1572-1595.

[S4] Z.H. Sun, Congruences concerning Legendre polynomials II, J. Number Theory 133 (2013), 1950-
1976.

[S5] Z.H. Sun, Legendre polynomials and supercongruences, Acta Arith. 159 (2013), 169-200.

23



Z.W. Sun, Open conjectures on congruences, arXiv:0911.5665v59, 2011.

Z.W. Sun, On sums of Apéry polynomials and related congruences, J. Number Theory 132 (2012),
2673-2699.

Z.W. Sun, On sums involving products of three binomial coefficients, Acta Arith. 156 (2012), 123-
141.

Z.W. Sun, Supercongruences involving products of two binomial coefficients, Finite Fields Appl. 22
(2013), 24-44.

R. Tauraso, An elementary proof of a Rodriguez-Villegas supercongruence, arXiv:0911.4261, 2009.
R. Tauraso, Supercongruences for a truncated hypergeometric series, Integers 12 (2012), A45,12 pp.

24



